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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax” +bx+¢ =0,

‘e —b++b’ —4ac

2a

Binomial expansion

N on n n-1 n n=232 n n=ryr n
(a+b) =a"+ : a”b+ 5 a"” b 4.+ |a"h + ..+ D",
#
n) n! _nn—=1)..(n-r+1)

r r!(n—r)! r!

where » 1s a positive integer and (

2. TRIGONOMETRY

Identities
sin® A+cos” A =1
sec’ A=1+1tan’ 4
cosec’A=1+cot” 4
sin(A+ B) =sin Acos B+ cos Asin B
cos(A+ B)=cos Acos B ¥ sin Asin B
tan(A + B) = tinAinanB
1+1tan Atan B
sin2A=2sin Acos A
cos2A=cos” A—sin" A=2cos” A-1=1-2sin" 4
tan2A4 = 2(:3%1134
lI-tan™ A
Formulae for AABC
a b c

snd sinB sinC
a’ =b”> +c¢° —2bccos A

A= labsinC
2
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3
1 The sides AB and BC of a triangle are (2\/5 + 2\/8) cm and (8\/5 — 2)cmrespectively and

ZABC is 60°. Show that the area of AABCis (p+ q\/E)Crrl2 where p and g are constants

to be determined. [3]
2 Find the range of values of k for which x” + 2k(k + x) > 3k + 4 for all real values of x. [3]
3 Solve the equation {2)( — 3| +6x = |9 — 6x| +4. [4]

4  The polynomial f(x) is divisible by (2x — 3) and leaves a remainder of —2 when

divided by (x —1). Find the remainder when f(x) is divided by 2x” —5x+3. [4]
5 The diagram below shows the graph of y = ¢ + acosbx where a, b and ¢ are constants.
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(i)  Use the graph to determine the value of a, of b and of c. [3]

(i) By using the values of a. b and ¢ found n (i). determine the equation of the

straight line that needs to be drawn on the same diagram to solve

an

sechx =

(2]

X—7ncC
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5 —2,\'2 —-x+3

6 (i) Given that ————— = x+ + 5 » where 4 and B are constants.
x°=2x+1 x=1 (x-1)
Find the value of 4 and of B. (4]
3 3
‘* —2x" —x—4
(i) Hence find ji‘—; dx. (3]
x° —2x+]
7 The roots of the equation 2x° —8x + 3 = Qare « and 3.
(i) Express @’ —aff+ f interms of a + fand af. 1
(i)  Find a quadratic equation with integer coefficients whose roots are @ and /3. [6]
8 (a)  Find all the values of x between 0°and 360° for which
1 .X .
- + 3sin~cos— = 0. (4]
sec” x 2 2
(b) Find all the exact angles between 0 and 7, which satisfy the equation
) /g 7
sin(x — —)—cos— = 0. [4]
5 10
_ d’v - . .
9 A curve is such that —{— =16cos” 2x—4sin4x—8 and the gradient of the normal 1o the
dx-
.
curve at x = — 1s .
dv
G) Find & (3]
X
.. dy
(i) Hencesolve — =2 for 0 < x <1. [6]
dx
10 (i) Solve 2+In(4-x)=0. [2)
(ii)  Sketch the graph of v = 2 + In(4 — x) showing clearly the asymptote and the
y-intercept. [3]
(iii)  Find the area of the region bounded by the curve y = 2+ In(4 — x), the x-axis.
the y-axis and the line x = 3. [5]
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11 The diagram shows a quadrilateral O4BC.

red
B
M
A (2k, 3k)
N
C
> x
0
The coordinates of 4 are (2k, 3k) and the length of OA is +/52 units.
(1) Calculate the value of . [2]
AB is perpendicular to OA4 and B lies on the y-axis.
(ii)  Find the coordinates of B. (3]

CM. the perpendicular bisector of 4B, cuts the y-axis at N and OC 1s parallel to AB.

Find
(iii)  the coordinates of C. (3]
(iv) the ratio of the area of the triangle OCN to the area of the triangle OCB. [2]
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12 A

The diagram above shows a square piece of cardboard paper ABCD of side 4\/5 metres.
Tnangles AED, AFB, DHC and BGC are cut off leaving a figure in the shape of a square EFGH
of side 2x metres with 4 identical isosceles triangles attached to the sides. The height of each

triangle 1s 1 metres. Mark wants to fold the paper to make a pyramid with EFGH as the base.

(i)  Show that h =4 —x. [2]
. 8 ,

(i) Show that the volume of the pyramid . V' m" . is givenby V' = 3 x V4 -2x. [4]

(iii)  Hence find the maximum volume of the pyramid. [4]

( Proof of maximum is not required)

......... END OF PAPER 1
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Marking Scheme for Additional Mathematics 2015 Preliminary Examination Paper 1

Area =%(2\f3_ +2/6)(8v/2 - 2)sin 60
= (V3 +/6)(82 —2)?
=(6v6 —23 + 8@)?
= 9v2 +14+/3 x ?

=92 +21

x* +2k(k +x)>3k+4
D<0

x> +2k? +2kx-3k—-4>0
4k* —4(2k* =3k —-4)<0
-4k* +12k+16< 0
k?-3k-4>0

k<-lor k>4

|2x—3|+6x:'9—6.\'|+4
|2x-3|-9-6x|=4-6x
!2_7(—3!—3'2)(—3[ =4-6x
|2x-3=3x-2
2x-3=3x—-20r 2x-3=2-3x

x=-1(na)or x =1

f(x)=(2x" =5x+3)0(x)+ax+b
=2x-3)(x-DO(x)+ax+b

éa+b:0

2
3a42b=0———==~ (1)
@ iy = o (]

Solve:a=4, b=-6

The remainder is 4x—6

y=c+acosbx

a=-3

Period is . Therefore b =2
c=2

Z0




(i1)

an

secbx =
xX—7c
x=2r
cos2x = :
=3

—3mcos2x=x-2x

2r —3mcos2x =x

2-3cos2x =2
T
Drawy=i
T
(i) %= —x+3 A B -
. = x+ + ,
x°=2x+1 x=1 (x=1)°
3 2
= J% =~ N =
B oy div,x i XT =X 3:x+ 3 2)(2
x°=2x+1 (x=1)

(i1)

3-2x _ 4 N B
(x-1)? x-1 (x-1)’°
3-2x=A(x-1)+B
Sub x=1:B=1
Compare x: A =-2

(i)

(i1)

2x° —=8x+3=0
a’—aff+ B =(a+ B)(a + ) -3aB)

a+ =4

aﬂ:3

N |

3 3 9
a’+ f =(4)(16——7-)
= 46

3 3__21
a’ p’ = 2

x* —46x+2—;=0

8x? —368x+27=0




(a)

(b)

Py

+ .’asinicosi =0
sec” x 2 2
5 3.
cos” x+—smx =0
2
2sin’ x—3sinx—-2=0

. 1
sinx = ——
2

x=210°, 330°

. g V4
sin(x — E) =CoS—

10
. 7
= sin(—=— —
(2 ]O)
. 2m
=sin—
5
T 2n 37w
X——="=,—=
5 5 5
3 4
5°°5
2
@) d f:1600322x—4sin4x—8
dx

(11)

d bl %
Y- j(]écos‘ 2x—4smdx —8)dx
dx

= [(8cos4x — 4sin 4x) dx

=2sin4x+cosdx+c
grad of tan gent = -1
—1=2simzm+cosm+c
c=0
dy

— = 2sin4x+cos4x
X

2sin4x + cosdx = Rsin(4x + )
R=+/5 and a =0.4636
J5 sin(4x +0.4636) = 2
sin(4x +0.4636) = 0.8944
4x +0.4636 =1.1071, 2.0345,
x=0.161, 0.393

z|




10

(1)

2+In(4-x)=0
In(4-x)=-2
4-x=¢”

x=3.86

(i1)

2+In4

(111)

y=2+In(4-x)

-

4—x=¢""

-

x=4—-e"

2+Ind

Area =2x3+~[ " (4—e'7) dy
:6+[4y—e“:]
= 6+](a@+may-e") - (8-1)]
=6+[8+4In4—4-7)

= 8.55units”

(1)

Vak? +9k% =52
13k% = 52
k=2




(11)

(iii)

()

Grad of OA =

Grad of AB = -

4
C(-2. —
(-2, 3)

M is midpt of AB, MN// AO
By midpt thm, N is midpt of OB
AOCN 1

AOCB 2

Therefore

(1)

(i1)

(h+x)2 +(h+x)? = (442)?
2(h+x)* =32

(h+x)=4

h=4-x

Let ht of pyramid be y




yi 4+ x? = (4-x)?

y? =16-8x
y=+16—-8x
V:;—4x2\/16—8x
:ix22xf4—2x
(iii) x
:§x2\/4—2x
v 8 , 1 -
= Z I ()=2)(4 - 2x) 7 + 2x/4 - 2x]
dx 3 2
_ 8x{—x+2(4-2x)]
3 V4 -2x
-x+8-4x=0
x=1.6m

MaxV =6.11
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation

For the equation ax’ +bx+c¢ =0,

—-b+ b’ —4ac

2a

X =

Binomial expansion

(a+b) =a"+ (T]a""b.+ [;Ja"'3b2 4.4 (n)a""b" +..+ b,
Vv

n o na(=1).(n-r+1)

r!(n—r)!_ r!

n
where 7 is a positive integer and [ ) =
-

2. TRIGONOMETRY
Identities

sin A+cos’ A=1
sec A=1+tan’ 4
cosec’ A =1+cot’ 4
sin(A4+ B) =sin Acos B+ cos Asin B
cos(A+ B) =cos Acos B¥sin Asin B
tan A+ tan B

tan(4tB)= ————
1+ tan Atan B

sin2A=2sin Acos A
cos2A=cos” A—sin" A=2cos- A-1=1-2sin" 4

21
tan2A4 = —ﬂ
l—tan” A4
Formulae for AABC
a b c

simA sinB sinC
a’=b" +c° —2bccos A

A= labsinC
2
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i Given that J: f(x)dx =12 and I: f(x)dx = 4 , evaluate

1 I
J. x- s+ [ 7Gx [3)
1 2 _2

2 The equations of two curves are y = P x? for x>0and y =4x * for x> 0.

(i)  Find the coordinates of the point(s) of intersection of the graphs. [2]

(ii)  Sketch these graphs on the same axes, indicating the point(s) of intersection clearly. 2]
3 Variables x and y are related by the equation y = —p—li , where p and g are constants.

xX+gq
When the graph of x(] + y) against y is drawn, a straight line is obtained. The

line has a gradient of — l% and passes through the point (3. 2).

(i)  Calculate the value of p and of g. [4]

(i)  Given that this line passes through (6, k), find x in terms of . 2]

: - In(x - 3)°
4 The equation of a curve is givenby y = ——— x> 3.
2x—6
dy

i Find —. 2

(@) i (2]

(i)  Find the set of values of x for which y 1s a décreasing function. 2]

(iii) Evaluate -r ]n—\_3— dx . leaving your answer in the form a + bIn2.

t(x-3)
where a and b are constants. 3]

ACS(Independent)Math Dept/Y4E/AM?2/2015/Prelim [Turn Over
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5 In the diagram, AB is a tangent 1o the circle at the point B, BED is a straight and 4B // DC. The

points A, E and C lie on a straight line and AE : EC=2: 1.

(i)  Prove that ZBCE = ZBDC . [2]
(i)  Hence, show that ABCE is similar to ABDC.' [2]
(ili)  Prove that 34E x CD = ABx AC . - [3]
A > 2
E

D b \-’/C

6 The equation of a circle. C). is x- + _1'3 + kx — (k + Z)y +7 =0, where k is a constant.

(i) Find the coordinates of the centre in terms of & . [2]

Given that the centre of the circle lies on the line 2x + Sy-11=0,

(ii) show thatk=4. [2]
(iii)  Find the equation of the circle. C-. which is a reflection of C, in the line x = 1. [3]
(iv)  Explain why the two circles do not intersect each other. (1]

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim



7 The height of the tides at a certain place can be modelled by the equation h = 2(3‘25—sin kl),

where k is a constant, and ¢ is the time in hours after midnight. The average time difference

between high tides is 14.5 hours.

(i)  Explain why this model suggests that the lowest tide for the day is 4.5 m.
(i)  Show that the value of k is i‘z—;’- .
(iii)  Find the height of the tide at 2 am.

(1]
(2]
(1]

(iv) Find the time for which the height of the tide first reaches 7.0 m, Jeaving your answer

in 24 hour notation.

8 (a) Given that g—[F(x)] = %,/3){-—1 -
X

3x-1
the form k\/E .

(b)  The equation of a curve is given by y = cos ecz(% - %), where 0 < x < % .

(4]

, evaluate F(3)— F(1) , giving your answer in

(4]

Given that x is increasing at 0.3 radian per second, find the rate of change of y with

. Sx
respect to time when x = i

9
: sk A . 1.
9 In the expansion of (1 - ~) . where k is a constant, the coefficient of — is —4608.
X X

(i) Show that k= 2.

9
sk
(i) Explain why there is no term independent of x in the expansion of (,\" = ~) .
X
: 1Y s kY
(iii)  Find the coefficient of x~ in the expansion of (2)(3 + —J(x“ - —) .
x X

10 The gradient of a curve is £ ! and P(0, —1) is a point on the curve.

e
(i)  Show that the curve has no stationary point.

(i)  Find the equation of the curve.

The tangent and normal to the curve at P intersect the x-axis at O and R respectively.

(iii) Find the area of the tnangle POR.

ACS(Independent)Math Dept/Y4E/AM2/2015/Prelim
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(4]

3]

(]

(4]

(2]
(2]

(5]
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11 (a) Giventhat 277 = # .evaluate 16" . [3)
(b)  Solve the equation log 5 — 2 _ - log (2—) [6]
! log -2 “\ 4

12 A particle P travelling in a straight line passes a fixed point O. Its velocity, v ms™, is given by the

equation v= t* —61+8 , where 1 is the time in seconds after passing O.

(i)  Find the imes when P is instantaneously at rest. A [2]
(i)  Find the total distance travelled by P when its velocity reaches 8 ms™' again. [5]
(ili)  Will P return to O in the course of its motion? Explain your answer clearly. [2]

The particle P is at point 4 when its velocity reaches 8 ms™' again. It continues its motion at this
velocity for 1 second and then decelerates uniformly until it comes to a complete rest at point B in

another 2 seconds.

(iv)  Find the distance 4B. [2)

D

e 2cosect. [3]

V4

13 () Prove that tang- + cot
(i)  Hence.solve tan@ + cotf = (cosec48)(sin20 + cos28) for 0% <9 <180°. [5]
Giventhat 2tan 4 + 2cotA=5and 0< A< %,

3
(iii) show that cos2A4 = 5 [2]

(iv)  Hence. find the exact value of cos (24 + f—). [2]
6

END OF PAPER 2
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Amnswers
i 5
23)
2(ii)
3@ 1
=6 =i=
p 2 q 3
3(ii) _k
il
4(i) dy _1-In(x-3)
dx (x=3)°
4(it) x>e+3=572
4(iii) l(l_l_“g _1-In2
- 2\ 2 2 4
::%_ Proof
6(i) k k+2
(-3 735
6(i1) | Proof
6Gii) | (x-4) ' +(y-3) =6
6(iv) | Ler d=distace from P, 10 P, =6
Let R=radius of C, + radius of C, = J6 +J6 = 4.89
Since R < d, the two circles do not intersect each other.
7(i) Lowest tide occurs when sin k&7 = 1. Jowest tide = 4.5 m
7(ii) Proof
7(ii) | 4.98m
7(iv) 0750
8@ | 1242
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8(b) ~0.6 radian/sec
9(i) Proof
9(ii) 27—-4r # 0 as r must be an integer = no independent term.

9(iii) —3840

10(1)) | Proof

10(ii) 1 2% 1
y=x——e -—
i 2 2
10(iii) 1 .,
1= units~
11(a) 32
11(b) 1
=2, =
x 5

126) | t=2 or t=4

126
0 ]4% m

12(iii) | Proof

12(iv) | 16m

13(i) Proof

13Gi) | 9=35.8°, 1258°

13(iii) | Proof

13(iv) 3\/—3— -4
10
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Marking Scheme (Additional Mathematics Paper 2/ Prelim Examination 2015)

Qn No.

Solution

1

[ 2x-redc+ [ f0dx
= [12],2 + Jz f(x) dx

:—3+j;ﬂnya—j§fu)w
wnlf It =5

2(i)

x=28

w19

._.] —_
y=4@® =1

Coord (8,1)

2(ii)

3(i)

p—x
- x+gq
x(I+y)=—gy+p-—————-- 1

-—q=—]% =qg=1

4
2=-2
3(3)-+p

=>p=6




Marking Scheme (Additional Mathematics Paper 2/ Prelim Examination 2015)

3(ii) x(1+y)=k
Tx=k
Lk
7
4(i) _In(x-3)°  In(x-3)
- 2x-6  x-3
Y e
o O 3)(}__3) In(x - 3)
dx (_x-3)2
_ I=ln(x=3)
(x-3)°
4(ii
) Forﬂ<0, I-In(x-3) <0
dx
= In(x-3)>1
D> x>e+3=572
A ne-3) [ln(x - 3)}5
I 5 W=
4 (x—-3) x=3 4
. o - 5
J*- 7_%_ e " [n(A_32) dr = {ln(.\ 3)}
‘(x-3) M x-8) x=3 1y
S 5 - 5
I. In(x 32) . J B e - i:]n(.l 3)}
t(x-3) f(x-3) =3 Iy
:{_ 1 JS B [ln(x—3)}5 _1_In2
x-3l4 x-3 ], 2 2
'[511'1\[(.1'—3)dx _ ljsln(_\'— ) _ l(l B M) _ ]__]n2
4 ()_3)2 2 4(_\,_3)2 2\2 2 4
5(i) ZBDC = ZABD (Alternate angles, AB// DC)
ZABD = ZBCE (Alternate Segment Theorem)
ZBCE = ZBDC
5(i1) In ABCE and ABDC,

ZBCE = £ZBDC (From (i)
ZCBE = ZDBC (Common angles)
ABCE and ABDC are similar triangles (AAA property)
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5(iii) | AAEB and ACED are similar triangles (AAA property)
AE _ AB
CE CD
AE _ 4B (Given AE:EC=2:1)
1 CD
AC
3
3AE x CD = ABx AC
60) |, __k
2
k+2
b==—=
2
k k+2
Centre = (-=, —=
entre = ( 2 )
6(ii) k) (k+2)
2l -= |+5——-11=0
(-4)+555
k=4
6 | € =(=2,3), r=y(-2?+3*-7 =6
Let P, = Centre of C,
C,=(43)
Equation of C,: (x— 4’ +(y-3) =6
6(iv) | Let d =distace from P, to P, =6
Let R=radius of C, + radius of C, = J6 + V6 = 4.89
Since R < d, the two circles do not ntersect each other.
7(i) Lowest tide occurs when sin k&7 = 1, lowest tide = 4.5 m
7(i1) Period between high tides = 14.5 hours
27
— =145
k
2
145
4
k=—"%
29
7(iii) . 8r
h=2(3.25-sin=*=
( sin 29
h=498m
7(iv) | When h=17.0

_ _andn
7.0=2(3.25-sn 79 1)

. 4r
—1=-0.25
sin 29

4
—1 =339
29

= 1 =7.833="7h 50 min
The time is 0750
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8(a)

FQ3)-F(1)= jﬁ (-z— V3x-1-

. )dx
V3x -1
I 3 y
§(3x—1)2 l
= 5 —-2(3x-1)2
2

2 1 3 !
=[(®)7 -2(8)% |-](2)? -2(2)?

= ;gf - 24/8)-(2v2-2J2) =68
=122

8(b)

P cosecz(—z)£ — %) - Sjn-?(%_%J

S
When x =%
hen x 6

s )5 -2

dy dy iy

L _Dyax__5,03
g & 0
= —0.6 radian/ sec

9(i)

9 3\0-r kY r 9 27-4r
T, :( ](x-) '(——_) =<—k)[ )(x’ )
r X r

1
For the term in —, 27—4r=—1
X

>Sr=17
= k7 =—-4608

= k=2

9(ii)

27-4r #0 as r must be an integer = no independent term.
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9(iii)

For the term in x>, r=6

9
The term in x° = (—2)(’(6 (x*) = 5376x°

k

26 + D =5y =2 LY 4608( )+ 5376x° + ....)
X X X

The coefficient of x* is —3840

10(i)

dy _ e +1
dx eZ.\'

e >0 for all values of x

=1+e >

dy
:E;:o.

.. Nostationary pt

10(ii)

y= II +e Pdx

=2x

e
y=x- +C

2

whenx =0,y =-1

= _l —'_’\_l
y=x 2€ 5

10(iii)

At P, m =2

tan gent
Equation of tangent: y=2x-1
1

,nnormn/ = .2—
Equation of normal:  y= —];x -1
1
=> = (—, O)
¢ 2
R=(-2,0)

. Area of APOR = (%X%}]) :]% units’
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()

2x- ]
2 ’ = 4.:—]
4" -~4_
8 4
Wy -
16" =32
O | Jog 5 2 1og, [53)
Og‘ ] \/; 2 Og.‘.'-' 4
M&Fé)
log 5 2 - 42
' loﬁg;g log“, X )
log, Vx
] logx(zf)
log 5- Tog. 2 >
2 (25)
2 o= = yan)
]og,S ] g_r2 ]og.‘_ 4
2
- = 25—-log 4
log 25 fog, 3 log og,
2
1 4=
P log, 2
5
2] ) _—
OEs log 2
(log,2) =1
log 2=+]

When log 2=1, x=2

When log 2=-1, x= %

12(i) 1’ —61+8=0
=2 or t=4




Marking Scheme (Additional Mathematics Paper 2/ Prelim Examination 2015)

12(ii)

v=t’ -6t +8

13
s=§—312 +8t+c¢

Att=0,s=0 = ¢=0

I}
= =3 +81
=7

Whenv=8, t’ —6t=0
t=0 or t=6
When the velocity is 8 m/ s again, t =6

:2_;6‘—3(36)+8(6)=12 m

8 2

Sb
S, =0
S, =3-3(4)+8(2) =63

S =%—3(]6)+8(4)=5%

Fromt=0tot=4, distance travelled =6§ +(6§—
1 2

Fromt=4tot=6,distance travelled = ]2—55 :6§m

5%)=8m

Fromt=0tot=6,distance travelled = 14%

12(iii)

At O,S:O

A s
s=—=-31"+8 =0
T3

%z(ﬁ -91+24)=0

=1=0 or 1°-9+24=0

9+t+-15
2

1’-31+8=0 = 1= = No solution

= The particle is at O when t =0 only.Therefore P will not return

to O in the course of its motion.

12(iv)

Fromt=6101=717,distance travelled = 8§ m
Fromt=71to1t=9, distance travelled = 8 m

~. Total distance travelled =8+8=16m
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136 an @ 41
2
tanQ+cotQ:tanQ+ 19: 7
B B 2 tan — tan -
2 2
2 8
. sec 5
0
t &l
an >
1 1
= = = 2cosect
sin g cos g % sin &

13(ii) | tan®@ + cotd = (cosec4d)(sin26 + cos26)

2cosec20 = (cosec48)(sin 26 + cos26)
_ 1 1 1 1
~ 2cos26 i 2sin26  2cos26 i 2cose029

1
cos26

3cosec20 =

tan260 =3
6 =358", 125.8°

133Giii) | 2tan A+ 2cot A =5

tanA+cotA:§
5
24 ==
cosec 2
Sin2A4 =

COS 24 =

wnlw nibs

13(iv 3
) cos(2A4+ %) =co0s2A4 cos% —sin2A4sin

6
_(_)(;/_2 = (—)(—)
334

10
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