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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

:—bi\/bz—4ac

2a

For the equation ax® +bx+c=0, X

Binomial expansion

(a+b)" =a" +(D a“"1b+(gj a"%p? + .. +(:j a" b + ... +b",

n I _ _
where n is a positive integer and L (=1 .. (n=r+1
r, ri(n-r)! r!

2. TRIGONOMETRY
ldentities sin A+cos? A=1
sec2 A=1+tan2 A

cosec’A=1+cot? A
sin(A+ B) =sin Acos B +cos Asin B
cos(A+B)=cos AcosB Fsin AsinB

_ tanAttanB

tan(AtB)=——M—
( ) 1+ tan Atan B

Sin2A =2sin Acos A

c0s2A =cosZ A—sin2 A=2cos? A—1=1—-2sin% A

tan2A= %
1-tan© A
a b c

Formulae for AABC,

sinA:sinB :sinC

2 _pp2

a +c2 —2bccos A

A =£absinC
2
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1 The function f is defined by

1
f(x) =3+

1
, Where x = —.
1 2

Show that f is a decreasing function. [3]

2 Find the range of values of p for which (p+ 2)x2 —12x+2(p-1)is always
negative. [4]

3 The line y = mx + ¢ intersects the curve y* = ax at A(4, 4) and B(1, k).

B is a point that lies below the x-axis.

()  Sketch the curve y? = ax, indicating point A. [1]
(ii) Find the values of a, m, ¢ and k. [4]
4 Sketch the graph of y =|x—3[+2 for -3<x<6. [3]

Find the range of values of ¢ for which [x—3—c¢=x-2 has

(i) only 1 solution, [1]
(ii) no solution. [1]
5 Air is pumped into a spherical balloon at a constant rate of 60 cm/s.

(i) Find the rate of increase of the radius, at the instant when the radiusis  [3]
12 cm.

(i) Hence, find the rate of change of the surface area of the balloon at this  [2]

instant.
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6 In the figure, O is the centre of the circle. PCQ is the tangent to the circle at C and

AD is parallel to BC.

Q

(i) Name an angle equal to ZBAC, giving your reason(s) clearly.

(ii) Show that Z/CPD = ZBAC.
(i) Show that ABAC is similarto ACPD.

cos® x —sin® x

7 Given that f(x) = - :
COS X —Sin X

(i) express f(x) in the form asinbx + ¢, stating the value of each of the

integers a, b and c,

(i) state the greatest and least values of f(x),

(iii)  state the period and amplitude of f(x).

8 The decay of a certain radioactive isotope can be modelled by the exponential

SMSS 2016[Turn over

[1]
[2]
[3]

[4]
[2]
[2]



equation N = N_e ™ after t weeks, where N represents the amount of radioactive

isotope, N, and a are constants. A sample of this radioactive isotope has a mass of

100.9 g initially.
(i) After 2 weeks, it is found that the amount of this sample left is 84.6 g.
3
Calculate the value of a. 3]
(i) What percentage of this sample has decayed after 5 weeks? [2]
(i) ~ After 9 weeks, the amount of this sample is found to be only 34.6 g.
Suggest a reason why this might be so. [2]
9 (i)  Showthat sin*@—cos* @ =1-2cos* 6. [3]
(i) Hence solve the equation sin* @ —cos* @ —3cos@ = 2 for
0<6<360°. [4]

10 A particle moves in a straight line such that, t seconds after leaving a fixed point O,
its velocity, vm s, is given by v=15—¢~.
(i) Write down the initial velocity of the particle. [1]

(i) If t becomes very large, what value will v approach? Explain your

answer clearly and its significance. [2]

(iii) Find the acceleration of the particle when t = 3, giving your answer in

cm s correct to 3 decimal places. [2]

(iv)  Find the distance travelled by the particle in the first 4 seconds of its

journey, giving your answer correct to 2 decimal places. [2]
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11  The diagram above shows part of the curve y = x(x —2)? which passes through
P (1, 1) and touches the x-axis at Q (2, 0).
y
P(1,1)

0 Q(20)

(i) Find the equation of the tangent at P and show that line OP is the

normal to the curve at P. [4]
(if) Show that the area of the region labelled A is %unit2 and determine

the ratio of the area of A to the area of B. [6]

12 In figure 1, ABCD is a square plastic plate of side 4 cm and PQRS is a square whose
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centre coincides with that of ABCD. The shaded regions are to be cut off and the
remaining plastic is folded to form a right pyramid with base PQRS, as shown in

figure 2.

v e

Figure 1 Figure 2

Let PQ = 2x cm and let V be the volume of the pyramid.

() Show that the height of the pyramid is 24/1—x cm. [2]
. 5
(i) Show thatV = %xzx/l— x cm®, [2]
(iii)  Find the value of x such that V is maximum. [7]

(iv)  Showing your working clearly, explain why the volume of the pyramid
will not exceed 0.8 cm”. 2]

- The End —

Answers
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2
(2x —1)*
(2x-1)2>0

1 f(x)=—

Therefore, — <0

(2x —1)?

Since f'(x) <0, f(x) is a decreasing function.

2. b®-4ac<0,
p<-50r p>4
But p+2<0,
S p<-5

AY
A(4,4)

Y

3.2)

\ 4

() —l<c<11
(i) c<-lorc>11

5(i) % =0.0332cm/s
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(ii) 9A _10.0cm¥s
dt

6(i) /BCQ.

Alternate Segment Theorem

(ii) from (i),
/BAC = ZBCQ.
ZBCQ = ZGCP (vert. opp. £5)

. ZCPD = ZGCP (alt. Zs)
= /BAC
(iii) from (ii),
/BAC = ZCPD.
/DCP = ZDAC (alt. seg. thm)

/DAC = /BCA (alt. /s)

.. ABAC similar to ACPD ( AA Similarity or 2 pairs of corr. £s equal)

cos® x —sin® x
COS X —Sin X

7. () f(x) =
=£sin2x+1.
2
...a=£, b:2, C:l
2

. 3 1

i) greatest = —, least = —

(i) g 5 >

(iii) amplitude = % period = 7 or 180°

8(i) a = 0.0881
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10

(i) 35.6%
(iii) Difference = 11.06
Possible reasons:

- Error in data collection
- Due to other external factors that expedited the decay
- Any other logical reasoning with explanation

9(ii) #=120°, 180°, 240°
10(i) initial velocity = 14m/s
(i) when t is very large, e* becomes insignificant,

v will approach 15 m/s.

Velocity will approach a maximum speed of 15m/s and held constant at 15m/s

(iii) acceleration = 0.037 cm/s
(iv) s=59.67m
11(i) Equation of tangentat P: y =—x+2
gradient of OP x gradientat P = 1x -1
=-1
Since gradient of OPx gradient at P = —1, OP is normal to curve at P.

(i)5:11
. 8,
12(ii) V = =x"4J/1-x
3
. . 4
(iii) stationary point, x = c
Use 1% or 2" derivative test to prove that it is a maximum point.

(iv) When x = % |

Max V =0.763 cm?®, therefore, VV will never exceed 0.8cm®
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation

_ —bi\/b2—4ac

2a

For the equation ax® +bx+c=0, X
Binomial expansion

(a+b)" =a" +(D an_1b+(gj a" %%+ . +(:j a" " + .. +b",

n ! _ _
wheren is a positive integer and __ . _n=h.. (n-r+d)
r) ri(n-r)! r!

2. TRIGONOMETRY
Identities sin? A+cos® A=1
sec? A=1+tan? A
cosec?A=1+cot? A
sin(A+ B) =sin Acos B + cos Asin B
cos(A+B)=cos AcosB Fsin Asin B

tan AttanB

tan(A+tB)=——
1+ tan AtanB

sin2A=2sin Acos A

c0s2A =cosZ A—sin? A=2cos? A—1=1-2sin% A

tan2A = %
1-tan“ A
a b c

Formulae for AABC, = =
sinA sinB sinC

2 _p2

a +c2 —2bccos A

A :labsinc
2
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. . . 1 .
1 Differentiate 5xe* with respect to x. Hence evaluate J'O 3xe>dx, giving
answer correct to 2 decimal places.

[5]
. . sin 2x dy o
2 (1) Given that y = ———, show that — can be written in the form ——
1+ cos 2x dx 1+ cos2x
4
and state the value of k. 4]
1 3]

(i)  Hence evaluate J.fmdx.
+ €08 2X

3 A curve has the equation y = px — xIn xfor x> 0 and p is a constant. Find, in terms of

P,

() the x-coordinate of the point at which the curve crosses the x-axis, [2]
(i) the value of x, for which the curve has a turning point, [3]
(iii)  the coordinates of the turning point and the nature of this point. [3]

2 J—
4 A curve is such that d_y: X 5 3.
dx X

M Given that the curve passes through the point P(3, 5), find the equation
of the curve. [3]

(i) Find the equation of the tangent at P and determine if this tangent cuts [5]
the curve again.
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5 In the diagram below, A (-2, 2), B(8, 7)and C (1, — 4) are points on a circle.

B(8,7)

A(—2,2)/

v

o\

C(1,-4)

Q) Find the gradient of AB and of AC. [2]

(i) Show thatBC is a diameter of the circle and hence find the centre of the
circle. [4]

(ili)  Find the equation of the circle. [2]

8+/2 ++/80 —~/98

6 (@) Express 5+ 2025 a5 in the form a+b+/c . [4]
4cos(”j
(b) Without using calculators, express the value of o 6 . in
sin| — |—sin| —
Sl)
theform av/3+b, where a and b are integers. [4]
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2
7 (@)  Express 2)()(%);’:3 in partial fractions. [4]

(b) A polynomial P(x) of degree three is exactly divisible by x* — 2.
Given also that4P(-1) =P(2), show that x is a factor of P(X). [4]

8 The roots of the quadratic equation 2x* —4x +3=0are aand 2.

() Find the value of a? + 2. 2]
(i) Show that the value of &* + g%is —1. 2]
(iii) Find a quadratic equation whose roots are iz +1land % +1. [5]
l 10
9 (@)  Find the middle term in the expansion of (xz _ﬁj : [3]

(b) Write down the first three terms in the expansion, in ascending powers
n
X : . o
of xof (1—Ej , Where a is a constant and n is a positive integer greater

than 6. [2]

The first three terms in the expansion, in ascending powers of x, of

(2+ ax)(l—gj are 2—6x+7x°.

Find the value of a and of n. [5]
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10  Inthe diagram, OD =4 m, angle DOC = angle DAO = angle CBO = 90°, and
OC =7 m. Angle DOA = #fand varies between 0° and 90° . The point E is
on the line CB such that DE is parallel to AB.

M Show that AB=7siné + 4cosé . [2]

(i) Express AB in the form Rsin(€+ «), where R is positive and «is
acute. Hence find the value of&@for AB = 7.5 m. [4]

(iii) ~ State which line in the diagram has a length of R and which angle in
the diagram has a value of . [2]

(iv)  Show that the area of triangle CDEis 655in2(6 + @) .

[3]

(V) Find the maximum value of the area of triangle CDE as & varies and state
the corresponding value of 6. [3]
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11 (a) The diagram shows a part of a straight line graph obtained by plotting
In y against x +1, together with coordinates of two points on the line.

Express y in terms of x. [4]

Ir]}y

/ (3, 8)

> x+1

(-1-8) o/

(b) At time t minutes, the temperature of a liquid, which is left to cool, exceeds

room temperature by T°C . The table shows the temperature difference
at given times. It is known that one value of T has been recorded

incorrectly.
Time, t(min) 5 10 15 20 25
Temperature
difference, T°C 147 81 0> 24 L3

The variables T and t are related by the equation T =ke® , where k and
a are constants.

(i) Plot InT against t for the given data and draw a straight line graph. [4]
(if) Use your graph to
(@) identify the abnormal reading and estimate the correct value
of T, [2]
(b) estimate the value of k and of a. [3]
(c) explain why the temperature of the liquid will never reach
room temperature.

[2]
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Answer Keys

1 ()
2 ()
3 ()
4 ()
5 (i)
6 (@)
7 (a)
8 ()
9 (@)
10 (i)
(iii)
(V)
11 (a)
(b)
(©)

SMSS 2016

5L+2x)e® (i) 6.26
y 1
k=2 11 —
DR
x=gP (i)  x=e"? (i) (e"*e"), max
3 y
y=x+—+1 (i) y=—x+3,No
X
1 y 9 3 9)’ 3)" 85
—,_2 v T Y 5
: (i) (2 2] (i) [x 2} +(y 2} :
17-5y10 (b))  2/3+6
2x* +x+3 1 x+1
x*+3x  x x*+3
1 iy w2 -Hxtog
9" 9
_ 285 0 1-MxMO0D e h=7a=1
27x 2 8

AB = /65 sin(@ + 29.7°) or AB =8.065sin(6 + 29.7°)

CD has a length of R, #/DCO = «
15
162m , 0=15.3°

4x

y=e
() Iny =at+Ink

(ila)  abnormal reading is 6.5, correct reading is 4.5
(iilb) a~-0.12, k~27.1

T =0 at room temperature and InT will become undefined. Hence the
temperature of the liquid.
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