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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+¢=0,

_ —b++b’—4ac

2a

X

Binomial expansion

(a+b)" =a" +(Tja“b+(;ja“b2 +...+(:ja“br +...+b",

. o n n! nn-1...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos> A=1
sec> A=1+tan”> A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B £ cos Asin B
cos(A+ B) =cos Acos B ¥sin Asin B
tan A+ tanB
lF¥tan AtanB
sin2A=2sinAcosA
cos2A=cos’ A—sin’ A=2cos’ A—1=1-2sin’ A

tan(A+B) =

tan2A=ﬂ
1—tan” A

Formulae for AABC
a b c

sin A B sin B B sinC
a’=b?+c?—2bccosA

= labsinC
2
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2
1 The straight line y—1=2m does not intersect the curve y = x + m
X

Find the largest integer value of m. [5]

Solutions

y=2m+1 ——(1)

2
y =X+ mo_ -(2)
X
m2
(1) =(2): x+—=2m+1 [M1]
X
X* —2mx—x+m’* =0
X* —2m+1)x+m’ =0 [M1] -- simplification
Line does not intersect curve, b> —4ac < 0
[-2m+1)]* —=4(1)(m*) < 0 [M1]
2m+1+2m)2m+1-2m)<0
4m+1<0
m < 1 [A1]
The largest integer value of mis —1. [A1]

2 Theline 2y +x =5 intersects the curve y*> = 6—xy at the points P and Q.
Determine, with explanation, if the point (1, 2) lies on the line joining the midpoint of PQ and 5]
(3,1).

Solutions

X=5-2y -—--(1)
Sub (1) into y* =6— Xy

y* =6-(5-2y)y [M1] - Substitution
y:-5y+6=0
(y=3)(y-2)=0
Hencey=3 or y=2 [A1]
Correspondingly, x=5-2(3) or x=5-2(2)

X=-1 or Xx=1

The coordinates of P and Q are (-1, 3) and (1, 2).

Midpoint of PQ = (‘12” , %} = (0,2.5) [A1]
. C e . y—-1 x-3
Equation of line joining midpoint of PQ and (3, 1) is TR [M1]

2 2

1 5
Whenx=1, y=—0D+= =2
y 2() >
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4
Therefore, the point (1, 2) lies on the line joining midpoint of PQ and (3, 1) [A1] — conclusion

Alternative method

Let R be the coordinates of the midpoint of PQ, S be the point (3, 1) and T be the point (1, 2).
Find gradient of RT and gradient of RS and conclude that point T lies on RS due to
collinearity.

3 (i) Sketch on the same graph y =|3cos2x| and y+3ix=2 for 0<x<r.
VA

[3]
(ii) Hence, showing your working clearly, deduce the number of solutions in
|c052x|—3+8—X=0 in the interval 0 < x< 7. [2]
3 3z
Solutions
(1)
. . . Ly =[3cos2x|
%\ o
\ "»M‘.‘\
2> B 8 =
H"M_H_‘_a‘y - ; X=2
H\x
. B
\\-\"‘-.
“‘a\x
=

Correct shape and amplitude (B

Correct period and X-intercepts [B1]

Straight line drawn correctly [B1]

Minus 1m if eqn of graphs and/or axes are not labelled.
(i1)) |cos2X| —£+8—X =0
3 3z

|3c0s2x|=2—§x
V4

y=2- 8 X (y-intercept = 2; X-intercept = 2 + 8 =%) [M1] —stiine NOT required
7T 7T

There is one solution. [Al]
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4 (i) Find the value of @ and of b if the curve f(x)=ax+ b where X # 0 has a stationary
X

point at (-2, —8). (4]
(ii) By considering the sign of f '(X), determine the nature of the stationary point. [2]
Solutions
(1) f(x)=ax+ b Sub x =-2, f(x) =8
X
-8=-2a- b
2
4a+b=16 ---- (1) [B1]
f'(x)=a—£2. When x=-2,f'(x) =0 [MI1]—for f'(x)
X
0= a—% = b=4a----(2)
Sub (2) into (1): 4a+4a=16 [M1] — solve simultaneous equations
a=2
Hence b =2(4) =8 [A1] — both correct
i)  f=2-2
X
X -2- -2 -2"
Sign of f'(X) + 0 —
Sketch of / — \
tangent

[M1] — First derivative test
(—2, — 8) 1S a maximum point. [A 1] — Awarded only with correct first derivative test

5  Itis given that I f ' (x)dx =§ — sn;kx +C where ¢ is a constant of integration, and that
2 7 1
S (X dx=—-——.
J-O *) 16 8
i) Show that k=4.
(i) Hence find f '(X), expressing your answer in sin’ px , where p is a constant. [2]

(iii) Find the equation of the curve y = f(X) given that the point (% , Oj lies on the curve. [2]
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Solutions
z T 1
) [PF'(X)dx=——-—
() [ froodk=omg
% sink(”j
8 _ 8) = 1 [M1]
2 8 16 8
sin(k—ﬁjzl
8
ke x
oL Al
8 2 (ALl
k=4 (shown)
(i) [ 1 o dy =2 S
2
fr'(x)= %—é(4 cos 4X) [M1] -- Differentiation
Zl—lcos4x
2 2
= l—1(1—2s,inzzx)
2 2
= Sil’l2 2X [Al] — Upon correct application of double angle formula
X sin4x
(i) [ froodx=f(0=>-
2
At[ﬁ,o], 0=2—0+c [M1]
4 8
T
C:__
8
X sindXx o«
fX)=———--— Al
(%) SR - [AT]

6 (3 The length of each side of a square of area (49+20\/g ) m? can be expressed in the

form (\/E +/d ) m where C and d are integers and ¢ <d .
Find the value of ¢ and of d. [3]

(b) A parallelogram with base equals to (4 -J12 ) m has an area of (22 —J48 ) m?.
Find, without using a calculator, the height of the parallelogram in the form
(p+av3) m 3]
Solutions

(a) (JE+JE)2 = 49+ 2046

c+d +2+/cd =49+206 [M1] — correct expansion
c+d =49
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d=49-c---- (1)
2@ = 20\/6 = cd =600 ---- (2) [Ml] — compare rational and irrational terms
Sub (1) into (2),

c(49 —c) = 600

¢’ —49¢c+600=0

(C—25)(c—24)=0

Since c<d, c=24,d=25 [A1] — Both correct
(b)  Height= 22-4V3 . 4+2V3 [M1] — Rationalise denominator
4-23 4+23

_ (22-43)(4+243)
4’ —4(3)

= %(88 + 44\/5 —16\/5 - 24) [M1] — correct expansion

1

- Z(64 +2843)

=(16+73)m [Al]

7  The diagram shows part of the graph y=a|x+b|+c. The graph cuts the x-axis at
A (p, 0) and at B (0.5, 0). The graph has a vertex point at V (-2, 5) and y-intercept, d.

y

A

V(=2, 5)

y=alx+b|+c

d

\ B(O0.5,0)
/A(p, 0) \

(i) Explain why p=-4.5.

[1]
[4]

(ii) Determine the value of each of a, b and c.

(iii) State the set of values of k for which the line y = kx + d intersects the graph at two
distinct points.

[2]
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Solutions
. p+0.5
1 =-2
(i) 5
p=-4.5
(1))  y-coordinate of vertex point, c =5
b=2
y=a|x+b|+c
y=a|X+2|+5
AtB, 0=a|0.5+2]+5
a=-2
. _ 5-0
(ii1))  Gradient of AV = =2
-2+45

Gradient of VB = -2
Hence —2<k <2

(i) Differentiate X’ Inx with respect to X.

[B1]

[B1]
[B1]

[Ml]
[A]

[B1]— Any one
[B1]

2]

2
(ii) Hence find J. X ;nx dx. [4]
Solutions
) i(x3 Inx)=x (lj +(In X)(3x%) [M1] — Product Rule
dx X
= x> +3x’Inx [Al]
(i) i(x3 Inx)=X"+3%" InX
dx
2 2
XX _19 ommy-X [M1]
2 6 dx 6
2
IX InX dx = Ly lnx—lj.xzdx
2 6 6
[M1] [M1]
le3lnX—LX3+C [Al]
6 18
(@)  If 32Y x5% =2%*" x5! determine the value of 10Y. 3]
(b) (i) Sketch on the same axes, the graphs of y=x" and y = J3x. [2]

(ii) Find the point of intersection between the graphs.

2018 Prelim S4 AMath P1
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Solutions
32 x 5% =V i 53!

2% x 5% =2%(2*)x 5% (%) [M1] -- splitting

27 5V 1
T (2% x [g) [M1] — using Laws of Indices
2 x5 =10 =22 [Al]
[B1][B1] — axes and eqns must be labelled.
Graph does not level off for Y = \/& .
y=+3x
> X
@)
F =+/3X
1 .
& =3X [M1] — square both sides
1
X=§/;=0.80274 [A1]
y= _ L 1.55
0.80274>
The point of intersection is (0.803, 1.55). [A1] -3 s.f.
10 (i) Express X+l in partial fractions
P X(X+3)* — (X +3) P ' [5]
.. 3 X+1 . .
(ii) Hence find the value of .[ > -~ dx giving your answer to 2 decimal
2 X(X+3)" —(x+3)
places. (3]
Solutions
Q) x2+1 - X+1 - A+ B N C : [M1]
X(X+3)"—(x+3)" (X-D(x+3)" x-1 x+3 (x+3)

X+1=A(X+3)" +B(x=1)(x+3)+C(x-1)
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Sub x=-3: -2=C(+4) = C:% [A1]
Sub x=1: 2=A(6) = A:% [A1]
Sub x=0: 1—( j(9)+B( 1)(3)+( j( D) = B——% [A1]
x2+1 - X+1 - 11 N 1 : [AI]
X(X+3)"=(x+3)" (X=-D(x+3)" 8(x-1) 8(x+3) 2(x+3)
(i1) r X2+1 > dx= r L1 + ! - dx
2X(X+3)"—(x+3) 28(x—1) 8(x+3) 2(x+3)
= D ingx- 1)——1n(x 3)+ 1(X+3) }
8 -1 ],
[Ml]—Any [M1]
11 !
8 x+3 2 (x+3)
1
= In-—-—(“ln-——-—
8 3 12 (8 5 10)
=0.08 (to 2 d.p.) [A1]
11 (a) Show that i(cot )= S
dé ~ sin?@’ 2]

(b) In the diagram below, a straight wooden plank PQ, of length 12.5 m is supported at an
angle @ to a vertical wall XY by a taut rope fixed to a hook at H.
The length of the rope BH from the wall is 2.7 m. The end P of the plank is at a vertical
height h m above H.

l 1 27m
----- E:::::E: H

12.5m
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2.7cos@

(i) Show that h=12.5cosf ——
sin @

(i) Using part (a), determine the value of sin& for which % =0.

(iii) Hence or otherwise, show that as € varies, h attains a maximum value and find

this value.
Solutions
d d (cos@
—(cotld)=—
@ 5(t0) de(smej
_ sin&(=sin#) —cos f(cos &)
sin” @
_ —(sin’ @+cos’ 0)
sin® @
1
= - g (shown)
Method 2

dig(cot 0) = dig(tan 6’)71

= (=1)(tan @) (sec’ )

_ o [cos’o 1
= ( l)[sinzé’](coszﬁj

: 1
sin’ @

(b)(1) cos@ = % = XY =12.5cos @

tan @ _27 gy 27 _ 2.7.cos¢9
BY tan @ sin @
h= XY -BY
=12.5cos@— 2'7.0050
sin &
(i) N o5sing-27 1(0959]
deo dé\ sin@
= —12.5sin 0 +— '2
sin” @
dh 27 _,

—=0= -12.5sin0 +—;
do sin” @

Crescent Girls’ School 2018 Prelim S4 AMath P1

[2]

2]

[3]

[M1] — Quotient Rule

[A1] -- sin*@+cos’ =1

[M1] — Chain Rule

[A]

[M1] -- either XY or BY

[A1] — clear working above

[M1]
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sinf =3 2.7
12.5
=0.6 [AT]
(ii1)
. 3 .. 4
smé’:g giving rise to cosﬁzg [M1]
2
d T:—12.5c050—5'%c?sa
do sin” @

s4( 1)
——= =-30<0

5)

[M1] — verify max

g

Max h=12.5(0.8)~ 278 _ 64 [A1]
(0.6)
Alternative method
6 =36.870°
d’h s
Y =—12.5cos@+2.7(-2)(sin ) (cos )
= —12.5cos @ — 5.‘? CSS 4 [M1] — first or second derivative test
sin” @
When 6 =36.870°,
2 (o}
2 2 — _12.500836.870° — 2% °§’S36'87? —30.0<0  [MI1] - verify max
do sin” 36.870
h is maximum when @1is 36.870°.
Maximum h = 12.5cos 36.870° — 2/<0836-870
sin36.870°
=6.40 m [Al]
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Solutions to this question by accurate drawing will not be accepted.

12 The figure shows a quadrilateral PTSR for which P is (2, 4), T is (-3, 0), S is (-5, @), R is
(—=2k, 12-3k) and angle QPT is a right angle. RQP is a straight line with point Q lying on the

y-axis.

A,
R (<2k, 12-3Kk) |

S(-5,a)

P(2,4)

U T (=3, 0) 0

(i) Find the value of k.

(ii) Given that angle STU = 45° | determine the value of a.

(iii) A line passing through Q and is perpendicular to TS cuts the x-axis at V.

Find the value of VR

Solutions
(1) Gradient of PT =§
Gradient of PR, 12-3k-4 __3 M1
-2k -2 4
4(8-3k) =5(2k +2)
22k =-22
(i)  angle STU =45° = gradient of ST =1 [M1]
a-0
=-1 Al
—5+3 [Al]
a=2

Crescent Girls’ School

2018 Prelim S4 AMath P1

[2]
2]

[5]
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(iii)  Equation of PR is y—4:—%(x—2) [M1]
~4(y—4) =5(x~2)
4y+5x=26
AtQ,x=0
4y =26 = y=6.5

Q(0,6.5) [Al]
Equation of line passing through Q and perpendicular to TS is
y—6.5 :_—1(x—0)

y=X+6.5 [M1]
AtV,y=0. Hence x=-6.5
V(=6.5, 0) [Al]
VR =(-2+6.5)* +9°
=101.25 [Al]

END OF PAPER
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax”* +bx+c=0,

_ —b£+b’-4ac

2a

X

Binomial expansion

n n n
(a+b)" =a" +(Ja“b+(2Ja“b2 +...+(Ja’”br +...+b",

n n! nn-1)...(n—r+1
where N is a positive integer and = = (n=1)..( )
r) ri(n—-r)! g

2. TRIGONOMETRY

Identities
sin® A+cos> A=1
sec’ A=1+tan” A
coseC’A=1+cot* A
sin(A+ B) =sin Acos B = cos Asin B
cos(A+ B)=cos Acos B Fsin Asin B
tan At tan B
1F¥tan AtanB
sin2A=2sin AcosA
cos2A=cos’ A—sin® A=2cos> A—1=1-2sin* A

tan(A£B) =

tan2A:2ta—nf\
1—tan” A

Formulae for AABC
a b c

sinA sinB sinC
a’=b*+c?—-2bccos A

A= labsinC
2
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1 The straight line y—1=2m does not intersect the curve y = x+—.
X

Find the largest integer value of m. [5]

2 Theline 2y +x =5 intersects the curve y* =6—xy at the points P and Q.
Determine, with explanation, if the point (1, 2) lies on the line joining the midpoint of PQ and

3,1). 5]

3 (i) Sketch on the same graph y =|3cos2x| and y+3iX=2 for 0<x<rx. 3]
7

(ii) Hence, showing your working clearly, deduce the number of solutions in

|cos2x|—§+§—xzo in the interval 0 < x< 7. [2]
Vs

4 (i) Find the value of @ and of b if the curve f(x)=ax+ b where X # 0 has a stationary
X
point at (-2, —8). [4]

(ii) By considering the sign of f '(x), determine the nature of the stationary point. [2]

5  Itisgiven that J- f ' (x)dx =§ -~ s1r;kx +C where C is a constant of integration, and that
z r 1
SF(x)dx=———.
J-O *) 16 8

(i) Show that k =4. 2]

(i) Hence find f '(X), expressing your answer in sin’ pX , where p is a constant. [2]

iii) Find the equation of the curve y = f(Xx) given that the point z ,0 | lies on the curve. [2
q g p 1 [2]
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6 (a) The length of each side of a square of area (49+ 204/6 ) m? can be expressed in the

form (\/E +/d ) m where € and d are integers and ¢ <d .
Find the value of ¢ and of d. [3]

(b) A parallelogram with base equals to (4 -J12 ) m has an area of (22 ~J48 ) m?.

Find, without using a calculator, the height of the parallelogram in the form

(p+av3) m 3]

7  The diagram shows part of the graph y=a|x+b|+c. The graph cuts the X-axis at
A (p, 0) and at B (0.5, 0). The graph has a vertex point at V (-2, 5) and y-intercept, d.

y

A

V(=2, 5)

y=alx+b|+c

d

\B(O.S, 0
/A(p, 0) \ '

(i) Explain why p=-4.5. (1]

(ii) Determine the value of each of a, b and c. [4]

(iii) State the set of values of k for which the line y = kx+d intersects the graph at two
distinct points.

[2]

8 (i) Differentiate X’ Inx with respect to X. [2]
. x> In X
(i) Hence find J. 5 dx . [4]

Crescent Girls’ School 2018 Prelim S4 AMath P1



5

9 (@ If32Yx5Y =2""x5"" determine the value of 10 . 3]
(b) (i) Sketch on the same axes, the graphs of y=X" and y = J3x. [2]
(ii) Find the point of intersection between the graphs. [3]

X+1

10 (i) Express in partial fractions.

X(X+3)> —(X+3) [5]
.. 3 X+1 . .
(ii) Hence find the value of _[ > > dx giving your answer to 2 decimal
2 X(X+3)" —(x+3)
places. [3]
11 (a) Show that i(cot )= L
do sin’ @’ [2]
(b) In the diagram below, a straight wooden plank PQ, of length 12.5 m is supported at an
angle @ to a vertical wall XY by a taut rope fixed to a hook at H.
The length of the rope BH from the wall is 2.7 m. The end P of the plank is at a vertical
height h m above H.
X P
B i H
12.5m
v i
Q™
2.7cos 8
i) Show that h=12.5cos ————.
® in0 2]
. . . . .. dh
(ii) Using part (a), determine the value of sin & for which a0 =0. 2]
(iii) Hence or otherwise, show that as @ varies, h attains a maximum value and find
this value. [3]

Crescent Girls’ School 2018 Prelim S4 AMath P1 [Turn over
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Solutions to this question by accurate drawing will not be accepted.

12 The figure shows a quadrilateral PTSR for which P is (2, 4), T is (-3, 0), S is (-5, @), R is
(—2k, 12-3k) and angle QPT is a right angle. RQP is a straight line with point Q lying on the

y-axis.
AY
R (-2k, 12-3k)
Q
P(2,4)
S (_5’ a)
— X
U T(-3,0) 0

(i) Find the value of k. 2]
(ii) Given that angle STU = 45° | determine the value of a. 2]

(iii) A line passing through Q and is perpendicular to TS cuts the x-axis at V.

Find the value of VR?. [5]

END OF PAPER
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2018 CGS A Math Prelim Paper 1 Answer Key

Qn Ans Key
1 m=-1
Yes
\ v =|3cos2x
3(i) TG
e O
&2 Y E_\ =7
3(ii)) | 1 solution
4(1) a=2;b=8
4(ii)) | Maximum point
5(i1) sin” 2X
X sind4x 7«
5 cee f X L _>2""_~
(iii) (X) > TTs 3
6(a) c=24;d=25
6(b) | h=(16+7/3)m
73Gi) | a=-2;b=2;c=5
73i) | 2<k<2
8() | x*+3x*Inx
8(ii) e x—Lx e
6 18
9(a) |3.2
Crescent Girls’ School 2018 Prelim S4 AMath P1 [Turn over



y=~3x
9(b)(1)

\ 4
=

(0]
9(b)(ii) | (0.803, 1.55)
o L1
O | 8x=D) 8(x+3)  2(x+3)’
10(ii) | 0.08
NEE
11(b)(ii) | sinf = 3
11(b)Gii) | h=6.4m
12() | k=
12(ii) | a=2
12(iii) | 101.25
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2

Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+c =0,

_ —b++b”—4ac

2a

X

Binomial expansion

(a+b)" =a" +[Tja”1b+(2ja“b2 +...+(:ja“br F..4Db",

) L n n! nn-10...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos® A=1
sec’ A=1+tan” A
cosec’A=1+cot’ A
sin(A+ B) =sin Acos B £+ cos Asin B
cos(A+ B) =cos Acos B Fsin Asin B
tan A+ tanB
l1Ftan Atan B
sin2A=2sin Acos A
cos2A=cos’> A—sin* A=2cos’ A—1=1-2sin* A

tan(A+B) =

tan2A = M
1—tan” A
Formulae for AABC
a b c

sinA sinB sinC
a’=b?+c?—-2bccos A

AzlabsinC
2



P

5
1 (i)  Write down and simplify the first four terms in the expansion (2X - —2) in
X

descending powers of X, where p is a non-zero constant. [3]

5
(i) Given that the coefficient of X' in the expansion (4X3 - 1)(2X - %j is —160p°,
X

find the value of p. [4]

2 Variables x and y are related by the equation y = ax” +3 where a and b are constants.
When lg(y —3) is plotted against Ig X, a straight line is obtained. The straight line

passes through (-2.5, 8) and (3.5, —4). Find

(i) the value of a and of b, [5]

(i)  the coordinates of the point on the line when X =10°. [3]
bS

3 (a) Giventhat x=1log,a and y =log, b, express log, Y7ot in terms of X and y. [3]
a

(b) Solve the equation log, (5x+3)" ~log,, 2 =1. [5]

4 () The roots of the equation 2X* + px—8 =0, where p is a constant, are « and f3.

The roots of the equation 4X* — 24X +(q =0, where q is a constant, are o + 23
and 2o + £ . Find the values of p and g. [6]

(ii) Hence form the quadratic equation whose roots are o and /. [3]

5 The equation of a circle C is X* +y* —12x—8y—13=0.
(i) Find the centre and radius of C. [3]

(ii) Find the equation of the line which passes through the centre of C and is
perpendicular to the line 4x+7y =117. [3]

(iii) Show that the line 4x+7y =117 is a tangent to C and state the coordinates of
the point where the line touches C. [5]
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4

6 (a) A cartravelling on a straight road passes through a traffic light X with speed of
90 m/s . The acceleration, a m/s” of the car, t seconds after passing X, is given
by a =20 —8t. Determine with working whether the car is travelling towards or
away from X when it is travelling at maximum speed. [4]

(b) A particle moving in a straight line such that its displacement, s m, from the
fixed point O is given by S = 7sint —2cos2t, where t is the time in seconds,
after passing through a point A.

(i) Find the value of t when the particle first comes to instantaneous rest. [5]

(ii) Find the total distance travelled by the particle during the first 4 seconds of

its motion. [3]
. d({ x+2 X—4
7 () Show that _( j _ . 3
dx\Vx-1) 2(x-1)
N
12(x—4 x=135
)= (x-4)
Je=1)? M
K > X
0] 4/5\
. ) 12(x—4)
The diagram shows the line X =15 and part of the curve Yy = ——=—==. The curve

Jx=1)>

intersect the x-axis at the point A. The line through A with gradient ry intersects the

curve again at the point B.
. . : . A2
(i) Verify that the y-coordinate of B is 25. (4]

(iii) Determine the area of the region bounded by the curve, the x-axis, the line
X =15 and the line AB. [4]
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4x-3

8 A curve has equation given by y =——.
€

2x-3
€

[2]

(D  Show that dy =
dx

(i)  Given that X is decreasing at a rate of 4e” units per second, find the exact rate
of change of y when X =1 . [3]

(iii) The curve passes through the y-axis at P. Find the equations of the tangent and
normal to the curve at point P. [4]

(iv) The tangent and normal to the curve at point P meets the X-axis at Q and R
6

respectively. Show that the area of the triangle PQR is e(j units” . [3]
9 (a) Prove that cosec*x—cot* x=2cosec’x—1. [3]
(b) Solve the equation 6tan2x+1 = cot2x , for the interval 0 < x <180°. [5]
(©
D —
X

An object is connected to the wall with a spring that has a original horizontal
length of 20 cm. The object is pulled back 8 cm past the original length and
released. The object completes 4 cycles per second.

() Given that the function X =8cos(azt)+b , where x is the horizontal

distance, in centimetres, of the object from the wall and t is the time in
seconds after releasing the object, find the values of a and b. [2]

(ii) Find the duration of time for each cycle such that the object is more than
27 cm from the wall. [3]
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10 B

Y

Given that AD and BC are straight lines, AC bisects angle DAY and AB bisects angle
DAX, show that

(i) AC’=ECxBC, [3]

(ii) BC is a diameter of the circle, [3]

(iii) AD and BC are perpendicular to each other. [3]
END OF PAPER
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Answer Key for Paper 2

2 3
1G) | 325 —8opx? + S0P~ 40P,
X X
Gi) | p=05
2G) | a=1000, b=—2
() | (6,-9)
5

3a) | Sy-4x-3

(b) | x=-0.459 or —0.2

440 | p=-4,q9=16

(i) | x> -32x-64=0

51) | Centre =(6, 4), Radius = /65 units

(i) | 4y=7x-26

(i) | (10, 11)

6(a) | Travelling away from X

T

CONES

(b)(ii) | 25.0 m

7(iit) | 21.0 units?

8 (i1) | —€ units/s

(iii) x 1 .1
=" 4+ — y=—4e’x+—
y 4¢° 8¢’ y 8¢’

9(b) | x=9.2° 76.7°, 99.2°, 166.7°

©)(i) | a=8, b=20

(c)(ii) | 0.0402's
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2

Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax” +bx+¢=0,

_ —b++b*—4ac

2a

X

Binomial expansion

(a+b)" =a" +[Tja”1b+(2ja“b2 +...+(:ja“br F.4Db",

. e n n! nn-10...n—r+1)
where N is a positive integer and = =
r) ri(n-r! r

2. TRIGONOMETRY

Identities
sin® A+cos®* A=1
sec’ A=1+tan’ A
cosec’A=1+cot’ A
sin(A£ B) =sin Acos B £ cos Asin B
cos(Ax B) =cos Acos B Fsin Asin B
tan A+ tan B
1F¥tan Atan B
sin2A=2sin AcosA
cos2A=cos’ A—sin’> A=2cos’ A—1=1-2sin’> A

tan(Ax£B) =

tan2A = ﬂ
l1—tan” A
Formulae for AABC
a b c

sin A B sin B - sinC
a’>=b?+c?—-2bccos A

A= labsinC
2
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5
1 (i) Write down and simplify the first four terms in the expansion (2X - ﬁj in

X2
descending powers of X, where p is a non-zero constant. [3]
5
(i) Given that the coefficient of X' in the expansion (4X3 —1)(2X—£2] is
X
~160p?, find the value of p. [4]
Solution:
D (o) _axr #5020 [~ 10020 (-2 ) 10027 (-2 ) +
NG _( ) ( ) x> ( ) NG ( ) x> [MI]
2 3
—30x" —g0px’ 4+ S0P” 0P [A2]
X X
(i) pY 80p>  40p’
45 —1)| 2x—— | =(4x’ =1)| 32x° —80px* + - +...
( )( ij ( )( P+ = == J [M1]
Coefficient of X' = 4(—40p* ) +(~1)(80p*) [M1]
=-160p° —80p>
~160p* —80p* =—-160p> [M1]
80p*(2p-1)=0
p=0(NA) or p=0.5 [A1]
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2 Variables x and y are related by the equation y = ax” +3 where a and b are constants.
When Ig(y —3) is plotted against Ig X, a straight line is obtained. The straight line

passes through (-2.5, 8) and (3.5, —4). Find
(i) the value of a and of b,

(i)  the coordinates of the point on the line when X =10°.

Solution:
@  y=ax"+3
y-3=ax’
lg(y-3)=Iga+blgx
8—(—4
Gradient = #
-2.5-35
=2
b=-2

Sub lgx=-2.5, Ig(y-3)=8andb=-2,
§=-2(-2.5)+Iga

lga=3
a=10" =1000
(i) lg(y-3)=-2lgx+3
x=10°
lgx=6

lg(y—3):—2(6)+3:—9
Coordinates = (6, —9)

Crescent Girls’ School 2018 Prelim S4 AMath P2
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5
3 (a) Giventhat x=1log,a and y =log, b, express log, % in terms of X and . [3]
(b)  Solve the equation log, (5x+ 3)2 —log.,.;2=1. [5]
Solution
(a) b’
log, % = log, Jb° - log, 27 - log, a* [MI]
:glog3 b-3-4log, a [M1]
5
_Ey—4x—3 [Al]
(b) log, (5x+3)" ~log,,,,2=1
2og, (5x+3) - — 2822 __ [M1]
log, (5% +3)
2[ log, (5x+ 3)]2 —1=log, (5x+3)
2[log, (5x+3)] ~log, (5x+3)~1=0 [M1]
Lety = log, (5x +3).
2y —y-1=0
(2y+1)(y-1)=0 [M1]
y=-0.5 or y=1
log, (5x+3)=-0.5 log, (5x+3) =1 (MI1]
5x+3=2" 5X+3=2
X =—0.459 X =-0.2 [Al]
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4 ()  The roots of the equation 2X* + pX—8 =0, where p is a constant, are & and

B. The roots of the equation 4X” —24x+q =0, where q is a constant, are

a+2f and 2« + . Find the values of p and q. [6]
(i)  Hence form the quadratic equation whose roots are & and f°. [3]
Solution:

H 2x°+px-8=0
[BI]
a+ﬂ=—g, aff =4

4x* —24x+q=0
a+2p+2a+ =6 [M1]
3(a+p)=6

__P
Sub a+f = 5 (ALl
—%:2 = p=-4
(a+2ﬂ)(2a+ﬂ)=% [MI]

2(a +ﬁ2)+5aﬂ=%

2[(0{+ﬂ)2 —2aﬂ}+5aﬁ:% [M1]
2(a+p) +aﬂ:%
Sub a+ =2, aff =4,
2(2) —4=%
q=16 [Al]
(i) o+ p° :(a+ﬂ)(a2—aﬂ+ﬂ2) [M1]
=(a+p)|(a+B) ~3ap]
=2[2"-3(-4)]
=32
(ap) =(-4) =64 [M1]
X =32X—64=0 [Al]
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5 The equation of a circle C is X* +Yy* —12Xx—8y—13=0.
(i) Find the centre and radius of C. [3]

(ii) Find the equation of the line which passes through the centre of C and is
perpendicular to the line 4X+ 7y =117. [3]

(iii) Show that the line 4x+ 7y =117 is a tangent to C and state the coordinates of

the point where the line touches C. [5]
Solution:
i x+y —12x-8y-13=0

(x=6)" +(y—4) -36-16-13=0 [MI1]

(x=6)" +(y—4) =65

Centre = (6, 4) [Al]

Radius = /65 units [Al]
(ii) For4x+7y=117,

Gradient of the line = —g

Gradient of the line passing through C = % [M1]

Equation of the line:

7

y—4=(x-6) [M1]

4y —-16=Tx—-42

4y =T7x-26 [A1]
(iii) 4x+7y=117 ----- (1)

7. 26
4y =T7X-26 = y=—X—— -—-- 2
y y 4 4 (2)
Sub (2) into (1):
4x+7(1x—§j=117 [M1]
4 4

16.25x =162.5

Xx=10 [M1]

y=11

Distance between (10, 11) and centre of circle = \/(10 - 6)2 +(11- 4)2 [M1]

= /65 units
Since distance from the point and the centre of circle equals to the radius, the (Al]

line is a tangent to the circle.

Coordinates of the point = (10, 11) [Al]
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Alternative Solution:
117-7y

Ty =117 = x=—"—= = (1)
X' +y’ —12Xx-8y—13=0 - 2)
Sub (1) into (2):
2

(M2 1o M) gy 130

4 4

_ 2
13689 1638y+49y +y2_351+21y_8y_13=0

16
13689 — 1638y +49y> +16Y> —5616 + 336y — 128y —208 = 0

65y> —1430y + 7865 =0
y> =22y +121=0
b” —dac = (-22)" - 4(1)(121)
=0
Since b*> —4ac = 0, the line is a tangent to C.

y> =22y +121=0

(y-11)" =0

y=11

Xx=10

Coordinate of the point = (10, 11)
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6 (a) A car travelling on a straight road passes through a traffic light X with speed
of 90 m/s . The acceleration, a m/s? of the car, t seconds after passing X, is
given by a = 20— 8t. Determine with working whether the car is travelling
towards or away from X when it is travelling at maximum speed. [4]

(b) A particle moving in a straight line such that its displacement, s m, from the
fixed point O is given by S = 7sint —2cos 2t , where t is the time in seconds,
after passing through at a point A.

(i) Find the value of t when the particle first comes to instantaneous rest. [5]

(ii) Find the total distance travelled by the particle during the first 4
seconds of its motion. [3]

Solution:
(a) a=20-28t

V= J'2O —8t dt = 20t — 4t* + ¢, where C is a constant
When t =0, v=90, c =90.

S V=20t -4t +90

When car is travelling at max speed, a = 0.
a=20-8t = t=25 [M1]
v=20(25)-4(25) +90=115

[M1]

S= '[ZOt —4t* +90 dt =10t> —§t3 +90t + d, where d is a constant [M1]
When t=0,5s=0, d =0.

s=10t? —§t3 +90t

When t =2.5,5=10(2.5)’ —%(2.5)3 +90(2.5) = 266%

Al

Since s > 0 and v > 0, the car is travelling away from X at maximum speed. [AL]
Alternative Solution:
When the car is at instantaneous rest, vV = 0.
20t —4t> +90 =0

20+ /(-20)° —4(—4)(90) [M1]
t= =-2.8619 or 7.8619

2(-4)

Since there is no change of direction fromt=0tot=7.86s, [B1]

the car is travelling away from X at maximum speed.
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(b)(i) s=7sint—2cos?2t
V =7 cost +4sin 2t [M1]

When the particle is at instantaneous rest, V = 0.

7cost+4sin2t =0 [M1]

7cost +8sintcost =0

cost(7+8sint) =0 [MI]
cost=0 or sint = —%
(=X 37 t = 4.2069, 5.2177 [A1]
20 2
Time when particle first comes to instantaneous rest = B} S (Al]
(b)(i)) When t=0, s=-2.
When t = %, s=09.
M1
When t =4, s =-5.0066. [M1]
Total distance travelled =2+2(9) +5.0066 [M1]
=250m [AT]
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(i)  Show that i( X+2 j: x4
2

dx X—1 ,(X—l)3 ’
YA
x=15
R ECED)
V(x=1) B
0 /IA > X
12(x — 4)

The diagram shows the line x =15 and part of the curve y = ———=". The curve
V=1

intersect the x-axis at the point A. The line through A with gradient 9 intersects the

curve again at the point B.
. . . . A2
(ii)  Verify that the y-coordinate of B is 25 .

(iii) Determine the area of the region bounded by the curve, the x-axis, the line
X =15 and the line AB.

Solution:

® 1— x+2[
i X+2 _
dx( x—lj

l\)\r—‘
|
N\—-

|

[ }[2x 2-x-2]

X—=

X—4

) 2J(x=1)?

Crescent Girls’ School 2018 Prelim S4 AMath P2
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@) A=(4,0)
Equation of AB: y = g(x—4) - (1) [M1]
_12(x-4) @)
V-1
(D) =)
4 « 12(x—4) [M1]

CL i

(x—4)(x—1)2 =27(x—4)

(X—4)[(X—1)2—27:|:0 [Ml]
X=4 or (X—l)%:27
x=10
Subx =10 1in (1):
4 2
y=§(10—4):2§ [A1]

y —coordinate of B = 2% (shown)

(iii) 1(.2 2x-4 4
Area=5(2 J(IO 4)+ j [M1]

J(T

Is [M1]
=8+24
10 ) /( _1
=8+24{ X+2} [M1]
X—11,
17 12
=8+24
(J— \/—]
=21.0 units® [Al]
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4x-3

8 A curve has equation given by y =—-.
€

2x-3
e

@)  Show that % _ 2]

X

(i)  Given that X is decreasing at a rate of 4e” units per second, find the exact rate
of change of y when X =1 . [3]

(iii) The curve passes through the y-axis at P. Find the equations of the tangent and
normal to the curve at point P. [4]

(iv) The tangent and normal to the curve at point P meets the X-axis at Q and R
6

respectively. Show that the area of the triangle PQR is 5 units” . [3]
€
Solution:
(i) eZX—3
y= 2 [M1]
2x-3
dy _e [Al]
dx 4
Gy dy_dy o
dt dx dt
e2x—3
= x (—4e? M1
() M1)
=—e™! [M1]
When x =1 v _ —€ units/s
T dt [A1]
(itr) Whenx =0, y = %
8e
Gradient of tangent at P = 4—13 [M1]
€
Equation of tangent at P:
oLy sy X L [M1]
ge’  4e’ 4¢’ 8¢’
. — _Ap3
Gradient of normal at P = —4e [M1]
Equation of normal at P:
[ .
y—@——4e (X) => Y= 4e X-|-8e3 [Al]
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(iv)

Wheny =0, Xx=-

14

X 1

Equation of tangent at P: y = —+—

4¢* 8¢’

o

Equation of normal at P: y = —4e’x + 8%
e

Wheny =0, X—

1
, 0
(32e6 j

1/ 1 1
Area of triangle POR = —| — ——
gePQ 2(8 ][m (3]

Crescent Girls’ School

" 512¢°

1 (1+16e°
16e 32¢e°

1+16e° .,
units
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9 (a) Prove that cosec’x —cot* X =2cosec’x —1. [3]
(b) Solve the equation 6tan2X +1 = cot2X , for the interval 0 < x <180°. [5]
(©
<+«
X

An object is connected to the wall with a spring that has a original horizontal
length of 20 cm. The object is pulled back 8 cm past the original length and
released. The object completes 4 cycles per second.

() Given that the function x =8cos(azt)+b, where x is the horizontal

distance, in centimetres, of the object from the wall and t is the time in
seconds after releasing the object, find the values of a and b. [2]

(ii) Find the duration of time for each cycle such that the object is more than

27 cm from the wall. [3]

Solution:
(a) LHS = (cos ec’X — cot’ X)(cos ec’X + cot? x) [B1]
= cosec’ X + cot® X [B1]
=cosec’ X+ cosec’X —1 [B1]

=2cosec’x—1

= RHS
(b) 6tan2X +1=cot 2X

6tan’ 2X +tan2x—1=0
(3tan2x—1)(2tan2x+1) =0 [M1]
0<x<360° = 0<2x<720°

[Ml]

‘[an2X=l or ‘[alr12x=—l

a=18.435° 2=26.565°

2x = 18.435°,198.43° 2% = 153.43°,333.43°

X =9.2°,99.2° (1 dp) X = 76.7°,166.7° (1 dp) [A2]
©G) b=20 [B1]

Period = 2—”

ar

1 27

—=== = a=8 [B1]

4 ar
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(c)(i) 27 =8cos(8xt)+20

cos(87t) :% [MI]
a =0.50536
87t =0.50536 [M1]
t=0.020107
Duration of time = 0.020107 x 2

=0.0402 s [Al]
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Given that AD and BC are straight lines, AC bisect angle DAY and AB bisects angle
DAX, show that

(i) AC’=ECxBC, [3]
(ii) BC is a diameter of the circle, [3]
(iii) AD and BC are perpendicular to each other. [3]
Solution:
(i) «BCA=ZACE (Common angle)
ZABC = ZCAY (Angles in the alternate segments) [B1]
= Z/EAC (AC bisects ZDAY))
.. ABAC and AAEC are similar. [B1]
AC

BC
= —— (corresponding sides of similar triangles
EC ~ ac (coresponding gles) [BI]

AC? = EC x BC (shown)
(ii) ZCAY = ZEAC (AC bisects ZDAY)
/BAX = ZEAB (AB bisects /BAX) [B1]
/BAX + ZEAB + ZEAC + ZCAY =180° (angles on a straight line) [B1]
2/EAB +2/EAC =180°
ZEAB + ZEAC = ZBAC =90°
Since ZBAC =90°, BC is a diameter of the circle.
(iii) ZABE = ZCAY (Angles in the alternate segments)
ZCAY = ZEAC (AC bisects ZBAY))

. Z/ABE = Z/EAC [B1]
ZEAB + ZEAC = ZEAB + ZABE = 90° (from (ii))

ZAEB =90° (sum of Zs in a triangle)
.. AD and BC are perpendicular.

[B1]

END OF PAPER
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