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BP - 409

Pasir Ris Secondary School

SECONDARY 4 EXPRESS / 5 NORMAL ACADEMIC

PRELIMINARY EXAMINATION 2023

Answer all ftre questions.

I (i) State, in radiaq the range ofthe principal values f's1J = sin-r -r 
.

tu

t+lcos

(ii) Find the principal value of
tll
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2 (e) (i) Find the range ofvalues of & for which the graph y= lcdz -4x+ h lies entirely above

thelineJ-r t3l

tll

(ii) Hence, state the valu{s) of t for which the line / = 3 is a tangent to the graph

Y=k1 -4x+*

(b) Frnd the value of a and of b for which the solution set o1 2x'z < b - u i,

t2)-2<t<3
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27',''

3 (a) Given that P = 3" 
, express 9 in terms ofp.

t3l

(b) By using suitable substitution, solve et' - 2e' -15 = 0 . t3l
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-1.,-2,
v=3e24 A cuwe has the equation .

d1,

(a) Find an expression for dr

d'y
(b) Find an expression for F
t2l

trl
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(c) Hence, explain whether the gradient function is an increasing or decreasing fimction
for all values ofr. t2l
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5 (a) Write down and simpliS the first 3 terms in the expansion, in ascending

[*.*)powers ofx, of
t2l

O) Explain why there is no independent term for
ll.r,)'\2x' ) t3l
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(*.*)' +('.
.T(c) Hence, find the term independent ofx in the expansion of

t4l



BP-416

n-J"
y = ln,,- -*

6 (a) Differentiate Y 5r + 3 , *ith respect to x. t3l
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(b) Hence, show that

l-2x
5'r+3 6^ rro stationary points for

r, = ltr
33--<,r<-52 t3l
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5x+4

7 (a) Express (l+ Zx)(x+?)'1 as partial fractions t4l
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t 5x+4
I.....".-......................-_dr
.t 1l+ 2:11x+ 2)'(b) Hence, find

t3l
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8
Elvin bought a new car and the value, $ I', of the car is given by the formula, I' = 130000e '"
where m is a constant and, is the age ofthe car in months-
The value ofthe car after 3 years is expected to be $100 000.

(i) Find the amount that Elvin paid for the car? trl

(ii) Calculate the value of the car after 65 months. Giving your answer to the
nearest dollars. t3l
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(iii) In which month did the value of the car first depreciate to $30,000
Giving your answer to the nearest month. t3l
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9 The equation ofa circle g i, *r+yr-4r-6-v+4=0.

(i) Find the coordinates of its centre and the radius of the circle t3l
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(ii) Explain whether the point l(4' 5) 6.s outside the circle, inside the circle or on

the circle t2l
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(iii) Find the equation of circle D, which is a reflection of circle C along the y-axis. t2l
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10
ira+Jn

(a) Without using calculator, simplifu Js4

(b) The area of a rectangular plot 011-6 1, (3 I + 8J2 ) .rn2.

The length of the rectangular land is (3 + f)t cm.

Find the breadth of the rectangular land in the form d +
t.

.tb

I2l

, where a and 6 are integers.

t4l
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11 In a particular probiotic drin\ it contains live and active "good bacteria".
The population y, in millions, is recorded in a laboratory experiment for 20 minutes.

Itis given by }= Lr'+8 where x is the time measured in minutes,l andn are constants.
The results are shown in the table below.

(a) Using the graph grid on the following page,

plot l8(y-8) against l8r 
, draw a straight line graph. t3l

4 8 12 t6 20

292 1138 8r 18 17914 35735

)t

v
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:

".4",1-1'&-*..t' +F i-r+{-t+H-*;
t-}-Ft-t-il#_+#-+

J- t +ai.t-J.-t+

ttJfifitl I.]-++l..i
t-it+-H.
ffiH-i-.1-|'i+

"#

#*
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(b) Use your graph to estimate the

(i) correct value ofy for which an enor has been made, t2)



(ii) value ofl and ofn, t3l

BP-430
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t2 (a) Show that cos' 52.5o - sint 52.5" = cos 105"

(b) Without using calculator, find the value of cos' 52 5o - sin: 52 5o

tll

tsl
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13 (a) Prove the identity
sin' 2x(cot'! .r - tan'] x) = 4cos 2x

t3l
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(b) Hence, evaluate J,[sint z,r{cot'.r-ran'?.{)+ mnr 2-{] dr
t4l



BP-434

14 In the diagram below, lC is a tangent to the circle at B. SB is a chord of the circle.
Given that BP and .BR bisects angle SBA and, SBC respectively.

(i) Prove that ZPBR =94" .

(ii) Explain why PX is the diameter of the circle.

Rs

P

A

C

t3l

tll
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(iii) Show that NPO is similar to afBQ

t2)

It is given that 4PQ-- QR ggrrd, SQ = QB .

QB

(iv) Prove that PQ
t2)
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- End of Paper -
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Mathematical Formulae

I. ALGEBRA

Quadrdtic Equation

For the equation nr: + b'r = c = 0'

Identities

FormutaeJor AABC

Binomial expansion

2. TRIG'ONOMETRY

sinz,tl+cosil=l

sec!l=i+te'1I

coscc'l=l+cot',{

sin( J * 8) - sin I coe I + cos lsin I

codltA)=coslcosfE sin lsin B

|8l Atw].Et^rrtAtBt=_
l8 tan ltan B

sin 2l - 2sinlcos I

cog2l * coer .,{-sin? A=2wt A-l=l-2stn2 A

2rs8.A
laa zA = ---=-l-tfi'.,

abc

'6*,t6'-Ja*
2a

sinl sin8 sinc

a' = b' + c' -2bccts A

A =]alsinC
2

(a + b)' = a". (l),",. [;)," 
. u, . .li)n- b. + .. + b.,

fr')_ z! _ z(n-l)..(a-r+l)

where z is a positive integer and [tJ 
- 

'tfi:;l 
- 

'
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Answer all the questions

r (a)
Sketch the graph of ) = log5 n, indicating the coordinates ofthe point where the

curve -Y = lo8s r 
cuts the x-axis.

(b) Given that lg(7-r' + 2) - -r: = 2 
, express y in tems of ,.

t2)

t3l
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(c) 
Solve the equation logr{Zx2 +27)-2logr(,r+12) * I t4)
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2
The expression 3r3 +ax2 +bx+2,where a and 6 are constants, has a factor of r-1.

When the expression is divided W t'2, it leaves a remainder that is 2.5 times the

remainder when divided by .:u + t .

(e)\" 
Show that u =2 Md h = -7 .

O) ,"n"., by using long dMsion, solve the equation 3'rt + ai + bx + 2 = 0

tsl

t3l
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3
The equation ofa curve isy= 1- 3 cos 2x for 0 S x < 2tt .

(a) State the period ofl

(b) State the maximum and minimum values ofy.

(c) 
Sketch the graph ofy = 1-3 cos 2x for 0<r<22, indicating the number of
points of intersections with the axes clearly.

tll

t2)

tzl

v

0
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4

v

P

x

The diagram shows part of the curve and two parallel lines OR aad PQ.

The line OR inGrsects the curve at the point rQ (2' 2) -6 6r" line Pp is a tangent to the

curve at the point Q.

(a
Show that the coordinates ofP and Q are(0'4) ard (4'8) respectively.

)

t4l

t6l@ Find the area of the shaded re$ort OPQR.

)
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5
lgm

G D B

x

1m

E A

lm

In the diagram, OABC is a square of side lm. D and E are points on 8C and AO
respectively. DE is parallel to the sides of CO and BA.Ilis a point on DE and G is a

point on CB such thatDllis x m and CG is ftr m, where fris a constant and 0 < f < l.

(a) Show that the sum, 
^! 

m2, of areas of triangles OHG and ABH, is given by

C

S=l
2

(t -*r+fr')
t3l

H

o
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(b) Find the value of x such that S a minimum.

(c) Given that x can vary, frnd in terms of [, the minimum value of S.

t3l

tll
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6 (a) sin 0 =
Vl t a- -6 6 is acute. Obtain an expression, ir terms ofIt is given that

o,16 2tan0 .

O) Solve the equation 2secl=tan2 A-2 for 0'<l<360"

l2l

14)
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7 Charles signed up for a race and was given a brochure showing the race route.

3km

XI is a staight road. Participants would stad running from point I to D, then from D to

C, followed by C to 8 and finally from B back to A. BC is parallel to XY. CD is

perpendicular to bottr BC and XY. AB = AD = 3 km and angle XAB is 0 '. The total

distance ofthe route is Z lon.

(e)1r' 
Show that Z can be expressed as P cos 0 + q sin 6 + r, where p, q andr areconstants. [2]

3

e
DAX

C
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(b)
Express Z in the form R cos (0 * a ) + r, 

where R > 0 and a is an acute angle. t3l

(c) The total lengh ofthe route is found to be 13 hn. Find the possible values ofd. t4l

(d) Charles claims that he can finish the race in under 49 minutes if he maintains his

speed of 16 km/h throughout the race regardless of the value of d. Is Charles's

claim true? Explain your answer. pl
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8

o

hcm

The diagram shows the cross section of a hemispherical container with centre O. The

container is filled with water and has a radius of 36 cm. Water is leaked through a hole

at the bottom of the container such that when the water in the container is at a depth of ft

cm, the horizontal water surface has a length ofx cm.

(a) show that x = J;sffAF

(b) Given that the length of the horizontal water surface is decreasing at a rate of
4 cm/min, furd the rate atwhich the depth of the water is decreasing when

ft=l0cm.

12)

tsl

36 cm

Jr cm
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9 A particle P moves along a horizontal straight line so that its displacement, s m, from a

fixed point O, t seconds after motion has begun is given by s = 14+-il *12 -/'.

(a) Find an expression, in terms of t, the velocity ofP

(b) Find the acceleration ofP when it is instantaneously at rest.

trl

t4l



BP -451

A second particle p moves along the same horizontal straight line as P and starts from

O at the same instant when P begins to move. The inifial velocity of p is 6 m/s and its

acceleration, a m/s2, I seconds after motion has begun, is given by u = 4 -6t .

(c) Find the value of, at the instant when P and Q collide. t5l

(d) Determine whether P and Q are travelling in the same direction at this instant. 
i I l
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tsl

t3l

v

Lz

Lt

xo

The diagram shows lines Lt ard Lz intersecting atA(16'k). Line Zr has equation

3y = 4x'4t) .The point Mis the midpoint of Ol. The line Zz has a y-intercep of 48 and
the line Zr intersects the.r-axis at C.

(a)
Show that angle OMC is 90" .

(b) Find the area of OBAC.
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ll A skateboard park has a mould that is i metres high at the point where the horizontal

distance, from a fixed point l, is x metres-

A

fI m

---.-.>
x m

The height of the mould can be modelled by i = -Jrr +6'r-3 for I < r < 5.

(e) By only completing the square, find the height of the mould at its highest point. I2l
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(b) A ramp built up the side of the mould is a tangent to the mould.

The ramp can be modelled by the function y'r : 2.5x + c.

Find the vertical distance where the ramp will meet the mortld,. (Ignore the

thichtess of the ramp.) t3l

ertical distance
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(c) The height ft metres of a skateboard path at a horizontal distance r metres from

h =?" -4" +6'
another point B, can be modelled by the firnction 3 ,0<r<4pot
the safety ofthe skaters, there is a height regulation that requires no part of
the skateboard path to be 3 metres above the ground.

Fully describe this cuwe, including its turning points, the horizontal distance r
metres from point B, and state whether the skateboard path complies with the

height regulations. [3]
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END OF PAPER
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3 1')1i.i.t 2023 Prclim ll:5N ,4ll4uth.s j'l

(i) Statc. in radian. thc rangc ofthc principal valucs for 1 ' " 
rr 't

trl

:l lt
11

Answer all lhe queslions

Principal r alue lor "1'-slll ]S

c()s

lBt l

[ts l] liadian or dcg;rcc

(ii) Fin<l the principal value of \ 1

trl

Lct

rl
i

i'r
\'-! I

?j! = cos

C(lS l - Co\

r:
c(.}sl'5-'1

iri
to/

c()5

is (r
;

I hcn pnncipal valuc of

I

I

https://freetestpaper.com/


BP-460

4 1'1i.i.\ 2023 Prelint ll.iN tlldaths l'l

r'-trr'r .-.1.t+/r2 (a) (i) Iind thc rangc ofvalucs ofi for rvhich thr: graph

r.-1thc llnc
lll

lics cntircly abovc

/i.r'-4ri{=-j

i-rr-4.r+t--i=(J

Since the graph lies entirelv o6ou" 11"'" 11n", [) <l) l\'lll3ta1s D<0

(-4) -4([Xt -3) <0

I (r - 4/r: + l2it <0

4/i1-ll(-16r0 firlI cao] Corrcct r;uad incqr:ality

(l - -l)(* + l) -' ()

[^l]
(l{cject l<-l 

"incct >0 )

(ii) Ilcncc, slate the value(s) ol',( l-or which the line l' = 3 is a targent to the graph

[< -l (]r I>+

I =-l or /i=-l

r' : ii r: -1.r r- /i

trl
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5 1'Li:l 2023 I'relint lli5N ,4l4oth.t j'l

(b) Fincl the value oi'a and of D lor which the soluliqn sel ol 2rr '</)-'lr is

2<.r -,J

Sin ce

Thereltrre.

(r+_.,X.r-j){0

t' -.1.r' r 2.r - (r .: 0

.r'-,t-(r.<0

2.r'<12+l.r
a .= -2.h =,12

IIVIl caoI

t2l

lrl

27' l

3 (e) Gir.en thal / = i". express 9 in terrns of/r

lAll

lV I I Change olbase

[VI] Apply' anf indiccs law

t3l

= 13" )'(3)

= -1/r' tArl

(b) By using suitable subslilution, solve r"' - lc' - l5 = 0

()

rt'-2c'-15-0

5=2n'



Lct l -("

r"-lr'-l.s={)

(.r' -5X.r'r'i) - 0

.I=5

c'=5

.r=ln5

oI

.r'.,, l.6l i3s.f) [At]

6 1'1I\'.1 2023 ])relin JliiN lA4uth:; l'l

[\1 l] Substrtution mcthod

1

-1 ( no solution ) [r\ l]

4 A cune has the equation .l'= r('-

ri r,

(a) Find an erpression I'or dr lll

dr' ^ l, -:,
dr'

(.r 2)

BP -462

tB ll
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7 PRS'.! 2023 Prelin 1E5N AMaths Pl

t21

dy

dr

ay
(b) Find an expression for drr

=ie? (x*2)

Q=r'-rrr"l" "
dx-

t-
3e2(.r-2)+(lX

'2r

[Ml] Apply Product Rule conectly based
on pan (a)

tl =r"*"-' [r-*- 2). + ll
dY'L') tAtl

(c) Hence, explain whether the gradient function is an increasing or decreasing function
for all values ofr. 121

dtt
d'..,

= 3ei" " [1x-z;, + r]

sinr" 3ri' 
-" 

> 0, (x-2): > 0 and thus [tr - z)' + t] > o.,h"r"ror" #' 0
IMl]

Therefore, gradient function ofy is an increasing function- [Al]
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8 PRSS 2023 Prelin IESN AMaths P I

5 (a) Write down and simplify the first 3 terms in the expansion, in ascending

powers ofr, of [,=.")
tzt

(*. "). = [l)[ri),"i .[i)(i)' t,.r. (lj(*)" r3r)' +

= u#.t-{#)r,o.ro(o})rr,'r* .

363

[M1] Expand all terms conectly

--f-r-+- 256rr. ' l6xr ' 16110 
""'

lAtl
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9 PRSS 2023 Prelim 1E5N AMaths Pl

(b) Explain why there is no independent term for

The general tErm is '. 
=(:)t#l',,'r -[:)[i)*'(*')*' (vxr )

[**r.]'
\ lJ )

(.'-'f- (,')=,'
.r_"-:. (./) = .t,

.r' = -r

-lf=J-
3

t3l

Since the value ofr is not an integer, therefore the term -r" does not exist. Therefore there is

:-tx II
+ 3.r

M1 cao] General Term

[Ml ] Equate to T

[Al] With reasonno independent term for

(#.*)"(*'.i)

the generar t".,, i, 
4., = (l)(#)",'r' = [l)[i)- t'" )" (r ](r )

(c) Hence, find the term independent ofr in the expansion of
t4l

From part (b) ,

(
Forthe term ,', (-t-')

E-r
x'J='" [Ml] Use General Term equate to12
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.{_16.,. (x, ) = .rr

,:(l

r=6
-_i-'l

l0 PRSS 2023 Prelin 4ESN AMaths Pl

[Ml] Value of r:6

I=i:)r I

-!ZX
(3..)' = 5 163*'

The term 'r I t't

+ 3,r T6'

rs

l('t 2t t I ,]

;7 [Ml] Finding "r'
term or prove

(x-:)8-'(")-.r-:
no .r term

.x

!i 16 -lr =,7
t3

3

Since r is not a positive intEgcr value, there is no r 'term.

Hence, the term independent ofr is

(...sto:x'. )(r,'.,-:)

=...5103...

3 -2x
6 (a) Differentiue

.v=ln L il , *ith respect to x

3-2t
.r, = ln

[At]

t3l

5.r+3
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v
2 Itn1:-2x)-ln(5x+3)]

1r PRSS 2023 Prelim 4E5N AMaths Pl

[M1 cao] Apply logarithm Law

[Ml Differentiateeither ln(3-2.r) or ln(S.r+3) corrcctly

lAtl

dy

dx

d:t

d.r

dy

r[ -z s I_t 

-_- 

I

zll-zx 5x+3J

r[ -1 < I
-'l " _ " I- zLt-zx 5x+3J

dr 3-2x 2(5.v+ 3)

,=rn^E
(b) Eence, show that 

" 
Y 5r + 3 6u* no stationary points for

33
--<J<-{?

t3l

dy 5

Since d.r 3*7x 2(5.i- + 3)
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12 PRSS 2023 Prelim 4E5N AMaths Pl

l5=-
2t -3 2(5.r+ 3)

_ 2(5x +3)-5(2.r -3\
2x -3

2l=-
2(5.r+3)(2.x-3) MU

2t
<0

(5x + 3) > 0, (2.x - 3) < 0 2(5.t +3)(2x -3) Ml l

, therefore there is no stationary points fory, [A1] With Reason

(a) Expres. (l + 2xX'r + 2)2 as partial fractions t4l

33--<.r<-52
v
dr

0
Since

7

5.t+4

5.r+ 4

ABC=-+-+l+2x'r+2 (.r+2)iLet (l + arXr + 2)r [Ml cao]
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13 PRSS 2AB Prelim 4E5N AMaths Pl

5x +4= A(x+2)r + B(,r + 2) + C(l + 2-{)

.r=-2. 5(-2)+4:C(l+2(-2))

-6 - -i('
C=2

[MI - Substitute with either

-tx=-2.J=-- ,

I
1

(-l)..= r(,.(-;))

x=0,

(l +2.r)(r+2): 3(1+ 2.r) 3(x+2)

[Ml - 2 out of 3 values oiA,B, C correct]

tAll

e=2
3

+=Jtrt*atzxu*zol

B =-!
3

5x+4 2+-
(x + 2)1

,,

r 5-t+4
l .-.--..-.------- dY
.r 

11 a lx)1.x + 2)'

F1

(b) Ilence, find

l

t
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14 PRSS 2AB Prelin 4E5N AMaths Pl

=i{

t22?t:-:,- t-
I l(l + 2.r") 3(.r + 2) (.r + 2)'

' lur-!h,.r*r)* 2(x+2) r" *.l+2-rl 3 (-lxl)

= I ln(l * z-'t -lrn(x+ zr - fr *. fryt*zr1
MI caol - r

I
-; ln(.x + 2)

[Ml cao] - s

_1

seen

seen

E

[Mt cao]- {x+2) ,"*n

Elvin bought a new car and the value, $l', of the car is given by the formula, Y =73AO00e-"'
where n is a constant and r is the age of the car in months.
The value ofthe car after 3 years is expected to be $100 000.
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15 PRSS 2023 Prelim 4E5N AA4aths Pl

(i) Find the amount that Elvin paid for the car?

When,=0.

tr/ = l300ffirl'

t'= S130,000

(ii) Calculare the value of the car after 65 months. Giving yorr answer to the
nearest dollars

100000 = t 30000,7{}')" Mll Afiempt to find value of m
l0
l3

trl

t3l

r"l,19)=-re.
\13/

zr =0.00729 ( 3 sig. fig ) [Ml cao] Value of rll found

l,' = I 30000e-(rr'ln7'ler6r)

r = 80949. l5 c $80,949 lAll
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16 PRSS 2023 Prelim 4E5N AMaths P I

(iii) In which month did the value ofthe car first depreciate to $30,000
Giving your answer to the nearest month.

30000 : I 30000e' """'r"! " tMll
3

l3

Irl

ln

t = 20 l.l4ntonths

t = 201 month

= 0.00729t
tJl

ItrJ [Mll Taking ln on both sides

lAlI
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9 The equatiort ofa circle f iyr'+'t''-4-r-6-r'+4=0

(i) find thc coordinatos of its ccntro and thc radius of thc circlc

P|$S 2A23 l)relim 11.,5N AMurhs l'I

ll\{lTotindgand/l

IA I I Celrlre

[A ll ltadius

l7

2t - 6

t3l

c'.nt . (2'3)

lladir.rs - ('?,r +(--.1)r'.-+
= i units
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l8 l'R.\l\ 2[,2.r l)relim lli5V AMurhs I)!

(ii) Lxplain rvhcthcr thc point '{i4'-t} lics oursidc thc circlc. inside thc circlc or r:n

thc circlc.

Distancc bctrvccn ccntrc of circlc to 17: - n'i{l)-'*' (2) - 2'83 units lN.l rl

Sincc thc distanco bctrvccn thc ccntrc of circlc to J { 2 8i units) is Icss than the radius

( 3 units) of thc circlc. thcrcftrrc thc poin tz{ will lic insidc thc circlc

[Nl l] With corrcct cxplanation

12)
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l9 PIiSS 2023 lrrelim 1l',5N tllrlurhs l'l

(iii) Find thc cquation ofcirclcl). rvhich is a rellcclion of circlo ( ' ak)n-q thc J:axis. tZ)

Nou ccntrc ofthc circlc /) -( l'l) [\{ l] )lorv ccntrc of circlc./)

tAtl

Equation of Circlc /) (.r + 2)r r'(.r'- 3lr = t)

OR

.r: +.r'r+l.r'- 6.r,+ -l =0
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20 l'll.t'^S 202.1 llrelint lli5N llulorhs l) I

Jir,i , ,rr:
t0

(a) \ryilhout usin-r calculator, simplif-v ,r5t[

,/l(f , .,', v'rrrt,E r,60.,,E

sl .J:q6

sJi + r,./J

3.Ef
l5\t

t2l

[N'l 1] Brcak up indiccs

. rvhorc a and D arc intcgcrs.

t4l

5rj

(h)'t he arca of a rcctan-crular plot of land is

-1J2 ri l
-t:I V.l

VJ VJ lB ll

(3 I + l{rjl ) cm

'l hc lcngth ofthc rcctangular land is (3 * [ )t .rn

tind tho brcarlth ofthc rectangular land in thc firrm d + 6

3l+sr6 :r+8,',0
, -.](:+Jz) 2+6Ji+e

IM I caol Area / [-englh

3l + 8./I
rfiE
.ll+ttvZ ll-6,,/2
ll+6v2 ll-6'/l

llVl l I Rationalise
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(1 t)- - (36x2)

:+S -')Xr'5

341-186r[+8s.,8-gfi

2L P/lS.\ 2023 llrelirn 1L.5N llulurhs I)l

[N1 I] CJorrcct L,xpansion

1!)

-.... ( '', i't
--)--vi [tsr]

1t ln a parlicular probiolic drink. it contains live and active "good bacter'la".
'l'hc population;;. In millions, is rccordcd in a laborattiry cx1:erimcnt fbr 20 minutcs

It is gir.cn gy -l' 'r" ' lr' i li u.hcrc r is the time measurcd in minutcs z1 and l arc conslants.
'l'hc rcsults arc shrlrvn in thc tablc bclorv

x 4 8 t2 l6 20

_f 2e2 r t38 8l l8 t7et4 i5735

(a) []sing the graph grid on the follorving page.

Plor lg(-t'- 8) agaiust lg't 
, draw a straiqht lirre sraph l:]l
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21 PRSS 202i Ptelim 1E5N AMd]s Pl

O) Use yotrr graph to estimste th€

(i) correct va.luc ofy for which an errcr has bc.n madc. t21
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25 PRSS 2023 helin 1E5N Aluldta Pl

(ii) value ofl sod of4 t3l
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t2
lr1

(a) show that cos' 52.5o - sint 52.5' = cos 105"

cosr 52.5o - sin: 52.5' = cos 2(52.5")

= cos 105"

26 PRSS 2023 Prelim 4ESN AMaths Pl

tAGll

(b) Without using crlculator. find the value of cost 52.5o-sint 52.5o.

cos 105" = cos(45" + 60")

= cos45"cos 60" -sin 45'sin 60' [Ml] Apply addition formulae

tsl

[Ml] Exact values for special angles
(*)(:) t#)[*)
( r \ (.,5)

=t --: l-l 

-l
\zJz ) \zJz )
(r-6)=\@)
FJ' J'

="'-'F-\"--2r!2 J2

(r-6)
1',1IEJ,o"

J'_JE
[M I ] For Rationalisation

tAll4
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27 PRSS 2023 Prelim 4E5N AA4aths Pl

sin: 2x(cotr r - tan: x) = 4cos 2.t
t3l13 (a) Prove the identity

LHS = sin: 2.8(cot' ,r - tan: .r)

= 12sin rcos.r): (cotr -r - tanr.r)

[Ml] lnvolve any trigo identities

= (2sinxcosx)2
cos"I sln-.Y--:---_--'-
sln" x cos'.l'

[Ml] Involve any trigo identities

= (2sin rcosx)':

= 4f(cost x - sin' r[cost x + sin' .r)]

= a[1cos'r-sin: rXt)]

= 4cog2x

= RHS (PROVED)

[(.or' ,)' - isin' .r)' )

i-(r;)t.*,, l

tAll Apply cosl -r - sin: .r = cos 2't
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(b)
[: f sin: 2.r(cot: .r - ran: .r) + tan: 2x] dx

Hence, evaluate J0 L

28 PRSS 2023 Prelin 4E5N AMdths P I

t41

[Ml] Use of I + tan: 2-r = scc: 2.r or replace with
4 cos2x

[M1l Integrate either 4cos 2.r or sec:2x correctly

J! [acoszr+ tsec' 2.r- l)] dr

=[-(+).+(,*r,)-..]:

= [r.,n r, * lu.n zr) -.rltt 2' .lu

= [ta,,", 
- ]* o *lt -e..ao -lo, o-or]

= lro -o- 1r - ro - o. orlL' 2' ',J

= -,t2 tArl

[Ml ] Concept of substituting limits
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29 PIISS 2023 lrrelim 11,5N lNlurh.'; I'l

14 In the diagranr belo*,1('is a tsnge t lo lhe circle at /J. .1/J is a chord olthe circle.
Ciren thal lll' and llll bisects angie.S/1,{ and .\71(' respectivelv.

(i) Prcrve 1114 IPBI| =90" l:11

y"1 /..4llP= r,,'CllR =:'
.fhereforc. /- 4lll, = ,t l,ltlj = .r' ( Altcrnatc scgmcnr rhcorcm)

l('Bll = zllPR =.t ( Alternate segTnent theorem) llvll I Alt seg theorem

R,\

A

(

I.ARP = 1t,BS = .r ( /i/, bisegl5 /.58.., ;

ICBR: /^l?BS =.r' ( ilit bisecrs /.'RC ;

Considcr'l rian-rilo 776^ 2r'+2.r''t!i0" 
1sum of anglos in a trianglc)

lVllBisects anele

.\ {- r' = 9{l)
[N1l]

.r t. r'= 9(l''
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(ii) Explain why PR is the diameter of the circle

Therefore, /.PBR - 90o 
,

Thus, PftB is a right angle triangle in a semi circle.

Hence, PrR is the diameter of the circle.

(iii) Show that LSP? is similar to art8€r 
.

l2l

ZBRP = ZBSP ( alternate segment theorem)

/"SgP = IRQB ( vertically opposite angle)

By AA, asPg is similar to MBg 
.

It is given that 4PQ = 8R and sQ = QB

30 PRSS 2023 Prelim 4ESN AMaths Pl

[Al ] Triangle in semi circle

[Ml- Any l reason given]

[AGl - State by 1,4 ]

trl

lzl

8B

(iv) Prove that PgI -4
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3l PRSS 2023 Prelim 4ESN AMaths Pl

Sincc NPO is similar to @0.

s8 
=P8R8 BQ

$xQB--PQxQR

(QR)rQB= PQx(tPQ)

(gBr2 =4PQ'z

8B
=4

Mll

PA

\,

)
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2 /'/'i.\.\ -rf)-r-i Jl,.i\ l\'ll.l.l\1 lll.llll.\' P:

REAO THESE
INSTRUCTIONS FIRST

Wnte your name, class

and register number on

allthe work you hand in.

Write in dark blue or

black pen

You may use a pencil for

any diagrams or graphs.

Do not use slaples, paper

c ips. highlighters glue or

corection fluid-

Answer all queslior'rs

lf working is needed for

any question. ii must b€

shown with the answer.

Omission of essenlial

working will result in loss

oF marks

You are expected to use

a scientific calculalor to

evaluate explicit

numerica I expressions

lf the degrce of accuracy

is not specified in lhe

question. and ifthe

answer is not exact. give

the answerto three

signiicant fgures Give

answers in degrees 10

one decimal piace.

For; . use either your

calcu ator value or 3 142

unless the q uestion

requLres the answer in
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3 PRSS 2023 4E5N PRELIM A,\ATHS P2

terms of ,r .

At lhe erd of the

examlnation, fasten all

your work securely

together.

The numb€r of filarks is

giwn in brackets [ | at th€

end of e€6l1 question or

part question.

The total numb€r of

marks for lhis peper is 90.

Thls document consists
of 24 pdnted pages,

Qua&attc Equalion

For tre equation

Mathermtical Formalae

l.ALGEBRA

[ru
m

ot€
a

asl +bx=c=0,

-brJb.' -4a.'=----T-
Binomial upansion

(a + tf = a'. 
[l ),'-, 

- [;)"" 
u' * ... *(")u' u' + .,. + b' .

(") d a(n-t).ft -r+t)
whre n is a positive integer md l.tJ 

=;tr-;r = t!
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2. TRIGONOMETRY

sinr ,{ + cos'z ,, = I

scc2 l=l+tanl I
coec'l = t + cot' ,

sin(,{ t 8) = sin lcosS l coslsin I
co(;|t 8) = cos lm 8ll sin ,{ sin 8

tan,{LtanI
tut( A+ Rt=-

lS tan I tan B

sin2l = 2sin,.lcos,{

cos 2l = cc: ,{ -sin! ,4 = 2cosr l- I = l- 2sint ,{
Ztilt AI t 2A = -------.------

| -tur'/

PRSS.2 02 3 
-485 

N.P RELIM,LAAT HS P 2

lzl

4

Identities

Form ae for AABC abc

I

sin/ rinA sinC

o' =b' +c1 -2bccos A
I

A =3a6sinC1

Answer all the questions,

(") 
Sk.t h th. graph of / = loBs r 

, indicating the coordinues ofrhe point where rhe

quvg / = log5: .uts the x-axis.
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5 /,/tsl :/r:; ll i\ I'kt, \t l\tllfi.\ t,)

og.

ts I for ulncct shapc:

B I for'.r-value r:l I shown on
graph

(bl Give, that |{( ?.r' + 2) - r: = 2 . 
"*pr"sr.r, 

in terms o{'.r lrl

t4l
(r)

!,:r", -!ll-\' 1

lg(7.i.l) -lt.r'
7t-? -10r"'
J t, _ lor+,: l

i0r' '-l

N.,lICAO

M I to changc [g t() basc l0

AI

log.(2-r-' + 17) -2 10g.,(r- l: ) = I

l)

Solvc thc cquation

l

I

https://freetestpaper.com/
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log.(2.rr + 27 ) - 2log,,{.r'= l2 ) =l

log.(2xr + 27)- l log,(.r-ll)\

/,/t,\t :/,t.r 4,.i\ t,kl,.l.t\t l.\ 'tlts l,)

M I for change olbase

lVl t lbr log'r3= I or combine two tcrms
using log rule

M ICAO

AI

6

log. 9 )
log.(.\,- ll)\
--i.-"l.--, -'log,( 2.tr + 2i)-2

lo,u. ( 2 r: *27)-3 log,1.r - 1 11\
!

3(l) )

lo-u.(2.r: +27)-log.(.r+13) = I

. ( 2rr + 27)l(r, i---------------j = I-' (.r'+ l2)

{2.r: + i?)
(.r - l2)

2i+27=3(,r+1?)

2.rr - -i.r -9 = 0

(2,r-3X.r-ll) =0
.'..r=-1.5 0r .t =li
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t,RSS )0t 3 .t 1..5.\'. l,Rlll,l l t . t.t l.Lfl ls l' 2

The expression 3-rj +a't= +h.t+2,whereaand 6 are constants, has a factor of -r-1.

When the expression is divided by .u - 2 , it teaves a remainder that is 2.5 times the

remainder when divided by 'r + I 
.

(") 
Sho, thut tr=2 aodb=-1 . tsl

./( t) = l.rt + ctr? + hx + 2

l(l)r +rr(l): +h+2--(l
u+b=-5 -(l) Mlorshowingf(l):0

./ (2\:

112f + t42t2 + b(21 +2 = 4u + 2b +26

\I ICAO for eitherfl2) or.{- I )

./(-r):
3(* t tl + a(*l)! + b(- l) +2 = rr* i - l

| (2) = 2.5f (-L)
4u+2h+26=7.5(d-6*l)
L5zr+{.56=-21(j -(2)

M I for equating

l;rom ( Ii, a = -.5 -1, -(j)

suh (3I intrr (2)

I5(-j-[)+.1.56=-2tt5
-7.5 -I,iD+ 4,56 = -28.5
ih = -)I
b=-'7 Al

Sub D = -7 into (3 )

u=-3-(-7\=2 AI

.'. u --2.b = -7 shotn

7

2
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I i,/t\:t :([-i 1t,..i\ I'Rt,.t,^t l\t|'t'tt:; t,3

(b) 
I lence, by using tong divisiort. solve t6e equation 3-r'' i tr-r'r 'i h-r I 2 = {} t3]

-3.r'' i 5.r 2

\' r\J..''*fr'-2..'*:

)3r' 3.r"

).r'- !.\' i !

-))r-- -'r't
-2.r+l

3-r' t2-rr 7-r t 2-(J
(..t - I X-].rr + 5-r' - 2) : 0

(..v- l11J.v - IX.r + f ) = 0

I.'..t:l ,\'=- .r'=-2
3

M I ftlr showing at least I levcl
corrcct Iong division

i\{ I tbr l-actorising

AI

a-..4

0
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/,/lss r(/l.i Jt,.5\ t,kt,.t.At l.\ 'flrl 1,2

The equation of a curve is..y I - li cos 2v for 0 < 'r < l'r
(a) State the period oll

Period

2r
2

(b) Stato thc maximum and tninitnum values of1,

Max valuo = 4 BI

Min valuc - 2 BI

(c) 
Skstch thc graph of;': t 3 cos 2"t for 0 s 'r { ?;r, 1n61sa1;6' thc numbcr of
points of intcrstrtions rvith the axes clcarly. 12l

B I lor correct max, tnin
values and shape

B I for corrcct 5 points of
intorso'ction of curvc with
axes

9

3

B l. awarcl if ansvl'cr in degtccs
givcn also i c. 180"

ltl

t2)

i3

I
I

i
!

I
I
t
!
i

!

iI

!
I
i
\
!

\
\

a
]'

al:la
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l0 /,ii,sls r(,ti 1t,i\ t,kl,.t,t\t 
^n1'rrs 

t,l

t4l

I

I

2)

'l'hc diagram shows part of thc curve and two parallcl tincs 0/i and /Q.

The line 0/l intersects lhe curve at the point F(3'2)andtheline/'Qisatangenttothe

curvc at thc point Q.

(a) 
Show that the crmrdinarcs of l'and 0are{0,4) un4 (-l.ll) rcspcctivcly.

I\4 I lor correct gradient
nl,rr-tttr,,,-l

lS
()-4
r'-8=-4
.r'=4
'. Coortlinatcs of ,l,{0.4) Al
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It /,/i,\f\ :/):.; '.-;\ t,tt|.t,l\t l\t l .\ l,)

1'
r'- l{)--' .t'

1l t l.. ' M ICAO t'or correct dift'crcntiation
r/r

ri.l.r ' = I

6.1

r'*l
Strb.r - J irrlrr,t

:1
r . li) lJ

l
.'. ( rxr|ilinulcs ot Q(J,li) MICAO

(h) Find thc ar-ca of thc shadcd rcgion OP01? t6l

o

;\rca of trapcziurn - Arca ol'tt ianglc

-'i2,i*,,,, li:)(:) nll2 '. 2"
- sunits- I\'{ I

To llnd shaded area l.

To llnd shaded area 2.

I

I

I
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.\rea ol trapeziunr - Area tttrder crure from .r = 2 to x = 4

=|rzltc.at-Jiro-*re Mr

= rq - fro., * -32i-' l' M tcAo for correct integrationL -r l,
=r+-[[+o.rl-(r.?)]
=t4-12
= 2uttits2

Total area:81!= 1Qu1i152 Al

/rr m (;

/,I,qt J{'J.i 1t.:i,\' t,Rl,t,^t .1.\t,t' ts 1,2

R

t2

MI

5
( l)

Y

H lm

o A

lm

ln the diagram. ()AR(' is a $quare of side lm. I) and li are points on B(' and A0
respectively. 1)1i is parallel to the sides of(? and BA. H is a point on ,/)/i and (i is a
point on (.B such that 1)H is r m and ('(j is *x m, where * is a constant and 0 < I < l.

(tr) Show that the sum, S m2, of areas of triangles ( )HO and AllH, is given by

t,.

+
)

s= 1tr -1r
li.r ,(r

t3l
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l3

Arca of \()l/O and .\lBl/
= I - ( Arca of .\(r(.'(-i i Aren of :\ll(iH

l,/t \ls l(/l-i .11,.i\ t,Rt..t.l\t 1\t1'lus t,3

=l-
rtt\
l, t . tt*1,,.*..(l - Lr)*;(l -.t)(l) |1 ) .\

Arca of r\JO# )

M I CAO for area of square = lm:

Ml for area of any I triangle foundlI
[.* * ! [.'

1 AI

I-lcr-kr') sho[,n AG

:
t,

=;[

(b) Find the value of.r such that S a trninitnurn tjl

./s r._=__l+I-f
t(r 2

r/S

rA'

-11*a-- u
1

I

2

f=tro(minimum)

kIICAO for

N{ ICAO for

AI
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(c) Given that r can vary, find in terms of *, t}te minimum value of S.

B1

PRSS 2023 4E5N PREL|M ATHS P2

t1l

12)

t4I

t4

s=lfr-1k')2\ 4)

I6 (a) sin9 = liF ,na 0 is acute. obtain an erpressioq in terms ofIt is given that

a, for 2tane .

tan 0
1

MI
o

.',Ztan 0

2 A1
a

(b) 
Solu" th" .qga1i61 2secl=larf A-216;0"<l<360o
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2w A= tan' A-2
2w A-s(fl A-l-z
sea2 /-zser A-!=O
(soc I -3)(sec zl + l)= 0

15

Ml CAO for using

M1 for factorising

MI

PRSS 2023 4ESN-PREL]M AAL4THS P2

cosl=l

a = 7O,5"

or cOSl=-l

a =0"

... A = 7O.5o,t80",289.4o A1

7 Charles signed up for a race ard was givan a broctrure sho-wing the race route.

3km

XIlis a straight road. Participants would start running from pointl toD, then from D to

C, followed by C to B and finally from B back to A. BC is parallel to XY. CD is

perpendielar to both BC 
^a6 

yy, AB = AD = 3 km and aade XAB is 0 o The total

distanc€ oF the route is I km.

3

e
t)AX
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t6 /,Ii,\ll:I,.?-i 11,.-i\ tl ..t.t\t 'l\ ts t))

(a) 
Show thar /. can be expressed u,/'rcos0+t/sind+/, where p, t1 and r are
c()nslants t2)

(/),,,3sin0

B('=icos(l+3
Irl ICAO lbr both

.. ,r, = jclrsti +.isin0 -t 3 *.i+.i
-3cos0+3sin0+9 AI

(b)
lixpress /. in the form

/. = .') cos f:i : lsin{i-+9

= Rsos(f, -, l + 9

Rcos(0-a l+r 
. rvhere /l > 0 and a is an acute angle. t3]

,' ,;: .l

',(,( .= t:llt '. -
.,

- t"E MI

t\4 I..15"

. - 1- = v'l tl cos({J - {5") + 9 A1

(c) Thc total length ofthc ruure is found to bc t3 km Find thc possiblc valucs of(l 14l

\ltll cos(0 -{5")+9- l-i

Vi ll crrs(d 15" ) = .l

cor(rr-{5't *
Jltl

hasic irnplc .,r.; ' -j-- -- l.).-i"t 
.r1.3

NTICAO

Ivl I l'or basic anule

M I for corrcst tluadrants(/ -.15" = 19.-5". - 19.5"

0 - 6.r.5'.25.5"

..0 = 25.5".*.-" Al
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11 I'lt,\\ 101J Jt,..i\ t,Rt,H\t l\t 11fi;^ 1,2

(d) Chadcs claims that hc can finish thc racc in undcr 49 minutcs if hc maintains his

sprcd of 16 km/h throughout thc raco rcgardlcss of thc valuc of {/ [s Charlcs's

claim truc? Explain your answcr t7t

M I lor both distance and rnax /.

Maximum I crcurs whcn cos(e - 4-5o) = |

Theretorq l = Jialr; +o = l ] l'1 knr

Since Charles covered a lesser distance than the maximum. therelore his claim is

not truc. Al

t)istucc mn hv (lharlcs =!xtt = 1.1.I krrr
60

OR

\,hxinruur time taken - fi 
*9 roo =49.6rnin Ml

l6
Sincc Charlcs's time ercecdcd.{9 mins. thcrcfbrc his claim is not truc. A I

8

()

i6 cm

hom

The diagram shows the cross seclion ol a hemispherical conlainer with centre 0. The

container is lilled with water and has a radius ol36 cm. Water is leaked through a hole

at the bottom olthe container such that r,r'hen the water in the container is at a depth olh
cm, the horizonlal water surlace has a length olr crn

r ctn
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(a) Show thar .r = ,;2tlti/l - 4/i:

Using Pythagoras theorem,

/,1i,{\ r{)li 4,.i.\ r,Rl,.tJ\1 1\r111rs t,)

12)

i,s l

t8

. .l

i6'={i6-h)'+,1r1,
\1 l

.16: - 36r -72h, h' +L
.l

rt - 298, .+r' AI

288, - {Ar sho\\ 11 AG

(b) Given that thc lcngth of thc horizontal water surfircc is dccrcasing at a ratc of
4 cm/min, find thc rale at which the depth oflhc watcr is dccrcasing whcn

/r= l0 cm

r
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19

M ICAO fir dccrcasing ratc

l,/i,1is l(/?i 1l,i\ t,t?t,t.t\t lv.1ut:; t,J

# = ](r**r- rrr'1 I 1zs*-nt,1

lr-- = -,1crn'rrllr
Ltt

At /l - l0 cln.

M I f'ol ditli:rrntiation

l\1 I lbr sub ol'h I 0 crr

N{ t tbr
-+ = lizssiro;-4(r0r) 

: (2Bs-810))' +
t/l'=-r 

92.'r,,,rin

. Dcpth is dct'rcasirrg at I 92 cnr,'rnin Al

9 A pa(icle /'nroves along a horizontal straight line so that its displacement, s m, lrom a

fixcd point 0, / scconcls aflcr motion has bcgun is givcn by s = I4 t 5t tr l'
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(a) Iind an cxprcssiotr, itt tcrtns of t, tltc vcloctty of 1)

/,li,ti\ :0ti -il,.-i\ trtt,.t.t\t l\1.1'tIr; t)J

ttl

t4l

20

,,=4=-i-Jr-lI:
ilr

t'* 0

5-lr-J/-r:0
(l-t)(ir+5)=tl

5
/=1 tlr t=-; re.i

_1

cA'
(.1 =-=-r!-lOlilr

u'hen i' = l.

rr = -.J - 6( l) = -S ttt's:

M ICAO

Mt

MICAO fbr difleLentiation of y

AI

BI

(h) Find the acceleratiorr ol'/) rvhen it is instantarreousl-y at rest.



BP - 509

2t /,/i,si\ ltti Jt,.i.\ r,lll,i.l\l .l\1.1'l )' t,)

A sccond paririclc Q rnovcs alurg thc samc horizontal straight linc as l' and slarts from
(, at the same inslanl when /'begins to move. The initial velocity o{'0 is 6 m/s and its

acceleration, a m/sl, I seconds aller nrotiorr has begun, isgtven by {t-'1-6'/

(c) Find the value ol't al the instant uhen /'and (.) collide Isl

I or particlc Q

Initiallv. r = 0. v =(!nl,'s. s =0rll
6=4(0)--1(0)r +r:

c =6
...r'=41-3t:+6 Ml

.r=J.il-3r:+6<lr

Itt JI'
+(tt + c23

=212-tj+6t+c
0 :2(0): -(0)'' +6(0) + c

c=0
:. s = 2l: -i\ +6t

M ICAO for intcgrating l

M]

4-f)1 dlI
6t):J/--+(.
2

:4t-)11 +c

Whe.n paflickx /' and ! collide. displtccntcnt rs ccpal

14+ j/-rr-ri =2/: -13 +6t I\41 fbr equating the 2 displacements

3r:+t-l.l=0
1

t=2 <t t=-- tci Al
-1
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22 p/i,s:s rr,:i rt.i\ pRt..t,t.\t .1.\t.t1L$ t,2

(d) Detcrminc whcthcr /) and Q arc travclling in thc samc dircction at this instant. 
I l]

They are travelling in the opposite direction at this instant when they collide Bl
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23 /,/i,1S l{,1_i 1t,.i\ I'Rt..t.At 1\t.ltII\ t,}

tsl

IO

v

t.:

Lt

.r
o

!t-() I

l(! o 2

()+ t(1 ()+lJ

(

The diagram shows lines t.t at"td lt in tersecting Bt 
1(16't). 

Line /.r has equation

J.r'= 4't -40 . The point M is the rnidpoint ol'(1,{. The line /.r has ay-intercept of48 and

thc Iinclr inteniccts fhc x-axis at (1.

(a)
Show that angle ( Slv'tt' it 90" .

S$h (16.i'l int,r ir.'= -ls--10

.1/'=.{(l(i}-,10
i=u
.'. c',xrrdrnates of .l(l6.lll N'tlCAO

Sub (.r-(l) into j.r' = -l.r --lL, (cutt .r' {\is )

.l(())=I.r-+O

.r = l0

.. coordtra(cs ol('(l(i.(t) MICAO

[ !srrrt r rrit[-lxnrrt lirn rrula.

t = (t{ +) Ml

I\41 lor either or
.l - (i

'" i{ - t(}

.'. Sincc r;r,r,lr.", - - l, anglc ().1 /t ' ir 9o+ shorrrt A I with
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25 /,/t,tl\:t/?i 1t,.-i\ t,Rl, \t '1v.1'flts l,J

I I A skatcboard pa* has a rnould that is l rnctrcs high at thc point whcrc thc horizontal

distancc, li-om a fixcd point l, is x ntctrcs

hn
A

_+
-r nl

The height ol-the nrould can be nrodelled 6u lt=-'tr+(rt-3tbrl<r<5.

(a) By only completiug ttre sqrrare. find the height of thc nlould ar its highest point 12)

/t = --r- + (rr -.1

= -(.r'-6r* 3)

=-(.r-.1):+6

- -li .-* i'-ill
Ll, \ - "

= -(r - 3)i +e --i

+-1 M I fbr cotnplcting thc squarc

.'. Tlre height of the mould at its highest pr-rint is 6 tn At
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/,n,s:l l(.,:-r 4,.i.\ !,Rt.l.r\t lv l'ur:; t,J

(b) A ramp built up the sjde olthe mould is a tangent to the mould

Irind the vedcal distance where the ramp w'il[ meet the nould. (lgnorc the

thicklcss rf !hc ran1t.) tjl

26

Gradient = 2.5

'-l! = -zr -t,dr
-2.t=6=1..5

N{ ICAO

t\,1 L

AI

,1

4
11

. /r= -(-l: +6(-l-:i.tl
= .1.4-t ,/) l)l

enical distance

The ramp can be modelled by the I'unction h 2.5x I c.
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27 /?,!ls l(,,1i 1t,.i\ t,kt, \t 1\tl'tlts t,2

(c) The height # metres ofa skateboard palh at a horizontal distance r metres l'rom

tt =1r' 1r' - (,,
anothcr point R, can bc nrotlcllcd by thc function -j ,0<r'<'1 p,,,

thc safbty ofthc skatcrs, thcrc is a hcight rcgulation that rctluircs no part of
thc skateboard path to bc 3 mctrcs abovc thc ground

!ully desclibo this curr,c, including its turning points, thc horizontal distance r
metres from point /3. and stato whcthcr thc skalctroard path complics with thc

hcight rogulations. It] I

4rt 6r
)-h=:r"

.dh
.\t statlonan Dornt. - 

: u
dr

2rt-tr-6-o
2(r lXr 3) - 0

r.,. lor3

r=l:h=!
3

r=-it/r=0
t!tau-'-----Jr-8
(r

alr-4.|t-

M I CIAO lor expression

3 ,l:hatr=LI =; ,;ij -0 > masimum point

rt r=3:rll -O -*.0-r mirrrmum poin(

q

M I lbr l*r or 2'1d

derivative test lbr
both points

AI

'llhe cune has a mrsimurn stationary poinl of h - 
Smat r= I
.l

and a minimum stationary point of h - 0 m at r-i and

I
a hcight o[ lnt at r - 4.

,'. The skntcboard palft corrplics rr.ith thu hoight r-ogulation.




