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BP-409
- Pasir Ris Secondary School

SECONDARY 4 EXPRESS / 5 NORMAL ACADEMIC
PRELIMINARY EXAMINATION 2023

Answer all the questions.

T |
A (i) State, in radian, the range of the principal values for ¥ =51 ¥

[1]

-ﬁ]

oS { >
(ii) Find the principal value of :

(1]
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e ) _
2 (a) (i) Find the range of values of k for which the graph »' =~ ko —4x+k Jieg entirely above
the line ¥ =3 3]

(ii) Hence, state the value(s) of k for which the line ¥ = 3isa tangent to the graph

y=kx2—4x+k ) [l]

(b) Find the value of a and of b for which the solution set of 2X* <b—ax g
-3 <x<3 2]
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774-4

3 (a) Giventhat ¥~ ¥ ,express ¢ interms of p.
(3]

(b) By using suitable substitution, solve e -2 -15=0 [3]



4

A curve has the equation ¥~

(114
(a) Find an expression for dx .

dzy

(b) Find an expression for dx"
[2]

302

[1]
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(¢) Hence, explain whether the gradient function is an increasing or decreasing function
for all values of x. [2]
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(a) Write down and simplify the first 3 terms in the expansion, in ascending

i 8
. +3x)
2x°

powers of x, of (
(2]

1 8
—t Sx)
(b) Explain why there is no independent term for [2"2 . [3]
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8

[ 1, +3.~:} LS.\-‘+—1—,J
2x" x /]

(c) Hence, find the term independent of x in the expansion of

[4]
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y=In 3“2}{

6 (a) Differentiate 5x+3 | with respect to x. [3]
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L S
y=In — —— X< =
(b) Hence, show that 5x+3 has no stationary points for 5 2, [3]
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Sx+4
7 (a) Express U+20)(x+ 2 as partial fractions. [4]
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Sx+4

(14 2x)Xx+2)Y !

(b) Hence, find
(3]
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Elvin bought a new car and the value, $¥, of the car is given by the formula, ¥ =130000e "
where m is a constant and 7 is the age of the car in months.
The value of the car after 3 years is expected to be $100 000.

(i) Find the amount that Elvin paid for the car? [1]

(ii) Calculate the value of the car after 65 months. Giving your answer to the
nearest dollars. [3]
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(iii) In which month did the value of the car first depreciate to $30,000.
Giving your answer to the nearest month. [3]
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9  The equation of a circle C is X +y —4x—-6y+4=0 _

(i) Find the coordinates of its centre and the radius of the circle. [3]
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(ii) Explain whether the point A(4,5) lies outside the circle, inside the circle or on

the circle. (2]
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(iii) Find the equation of circle D, which is a reflection of circle C along the y-axis. [2]
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10
(a) Without using calculator, simplify V54 . [2]

(b) The area of a rectangular plot of land is 31+ 8v2) .
The length of the rectangular land is 3+ ‘E)- cm.

Find the breadth of the rectangular land in the form ¢+ Vb , where a and b are integers.
[4]

BP~425



11 In a particular probiotic drink, it contains live and active “good bacteria”.
The population y, in millions, is recorded in a laboratory experiment for 20 minutes.

Itis given by '~ Ax" +8

12

16

20

292

1138

8118

17914

35735

(a) Using the graph grid on the following page,

Plot 80’ —8) apainst 18%  draw a straight line graph.

where x is the time measured in minutes, 4 and » are constants.
The results are shown in the table below.

(3]
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(b) Use your graph to estimate the

(i) correct value of y for which an error has been made. [2]
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(ii) value of 4 and of n, [3]
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12 (a) Show that cos’ 52.5°—sin" 52.5° = cos105° [1]

(b) Without using calculator, find the value of cos’ 52.5°~sin” 52.5° [5]
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sin’ 2):((:0t2 x—tan’ .x) =4cos2x

13 (a) Prove the identity [3]
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L3 . ) i
() H e j{f [Sir‘l2 2x(cot” x—tan” x)+tan” 23\‘} dx
ence, evalua _
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14  In the diagram below, AC is a tangent to the circle at B. SB is a chord of the circle.
Given that BP and BR bisects angle SBA and SBC respectively.

(i) Prove that £PBR =90° [3]

(ii) Explain why PR 1s the diameter of the circle. [1]



(iii) Show that A5P€Q is similar to ARBC

[2]

It is given that 4PQ=0R ang SQ=08

(iv) Prove that [P Q

[2]
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- End of Paper -
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation

For the equation @ tox=c=0,

- —bx+b’ —dac

a 2a

Binomial expansion

/
(a+b) =a"+ "o+ et |
i 2 ¥

Ja""b" +.+b",

r r!(n - r} !

where n is a positive integer and [

2. TRIGONOMETRY
Identities

sin® A+cos’ A=1
sec’ A=1+tan’ 4

cosec’ A =1+cot’ 4

sin{A £ B)=sin Acos Bt cos Asin B

cos{A + B) = cos Acos B sin Asin B

tan At tan B

(A & B) =i s AT
18 tan Atan B

sin2A4 = 2sin 4cos A

cos24A=cos’ A—sin’ A=2cos’ A-1=1-2sin’ 4

a b ¢
sind sinB sinC

Formulae for A4BC

a’=b*+c¢* -2bccos A

=—1~absin€’
2

n) n_nln-1).{n-r+1)

BP-438
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Answer all the questions.

1 a - .
@ Sketch the graph of * = log; x , indicating the coordinates of the point where the

. L log; x

curv cuts the x-axis. [2]

(®)  Given that &7y +2)- x=2 , express y in terms of x. [3]
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(©) log,(2x” +27) - 2log,(x+12) =1 _ [4]

Solve the equation
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The expression 3x° +ax’ +bx+ 2 where a and b are constants, has a factor of X -f
When the expression is divided by ¥~ 2 it leaves a remainder that is 2.5 times the
remainder when divided by ¥ +1.

@) Show that =2 and &=-7. [5]

Hence, by using long division, solve the equation 3 +ax’ +bx+2=0 3]
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The equation of a curve is y =1 —3 cos 2x for 0 S ¥ <27
(a) State the period of f. [1]

(b) State the maximum and minimum values of y. [2]

©  Sketch the graph of y = 1 — 3 cos 2x for 0= X =27 indicating the number of
points of intersections with the axes clearly. [2]

B
-




T~
v

The diagram shows part of the curve and two parallel lines OR and PQ.

The line OR intersects the curve at the point R(2,2) and the line PQ is a tangent to the
curve at the point Q.

4
(}a Show that the coordinates of P and O are(0:4) ang (4.8) respectively. 4]
(b Find the area of the shaded region OPQR. (6]

)

BP-443
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1m

In the diagram, OABC is a square of side Im. D and E are points on BC and 40
respectively. DE is parallel to the sides of CO and B4. His a point on DE and G is a
point on CB such that DH is x m and CG is kx m, where k is a constant and 0 <k < 1.

(a) Show that the sum, S m?, of areas of triangles OHG and ABH, is given b
24 ¥

1
S=—2-(I~kx+kx2)

: (3]
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(b) Find the value of x such that S a minimum. (3]

(¢) Given that x can vary, find in terms of k, the minimum value of §. [1]
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6 (a) i e can

It is given that VI+a® and € is acute. Obtain an expression, in terms of
a, for 2tanf [2]

®)  goive the equation 2sec 4 =tan” A—2 for 0°< 4 <360° [4]
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7 Charles signed up for a race and was given a brochure showing the race route.

B > 0OC
3 km
6 =
X A D Y
3km ¥

XY is a straight road. Participants would start running from point 4 to D, then from D to
C, followed by C to B and finally from B back to 4. BC is parallel to XY. CD is

perpendicular to both BC and XY. AB=AD=3km and angle X4B is 6 °. The total
distance of the route is L km.

(a)

Show that L can be expressed as 7 €08 0+gsin@+7 yhere p,q and rare constants. [2]
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(b) Rcos(6—a)+r

Express L in the form , where R > 0 and a 1s an acute angle. 3]

(c) The total length of the route is found to be 13 km. Find the possible values of 6. [4]

(d) Charles claims that he can finish the race in under 49 minutes if he maintains his
speed of 16 km/h throughout the race regardless of the value of 6. Is Charles’s
claim true? Explain your answer. 2]



The diagram shows the cross section of a hemispherical container with centre O. The
container is filled with water and has a radius of 36 cm. Water is leaked through a hole
at the bottom of the container such that when the water in the container is at a depth of 2
cm, the horizontal water surface has a length of x cm.

(@) Show that ¥ =V 288h—4h” [2]

(b) Given that the length of the horizontal water surface is decreasing at a rate of
4 cm/min, find the rate at which the depth of the water is decreasing when
h=10 cm. [5]

BP~449
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9 A particle P moves along a horizontal straight line so that its displacement, s m, from a

fixed point O, ¢ seconds after motion has begun is given by § =14+5—¢* —1"

(a) Find an expression, in terms of 7, the velocity of P. [1]

(b) Find the acceleration of P when it is instantaneously at rest. [4]
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A second particle Q moves along the same horizontal straight line as P and starts from
O at the same instant when P begins to move. The initial velocity of O 1s 6 m/s and its

acceleration, a m/s%, ¢ seconds after motion has begun, is given by ¢ =4~ 61

(¢) Find the value of 7 at the instant when P and QO collide. [5]

(d) Determine whether P and Q are travelling in the same direction at this instant. [1]
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10

[,

Ly

\ L]

The diagram shows lines L; and L» intersecting atA(lﬁ‘k). Line L; has equation

3y =4x-40 The point M is the midpoint of O4. The line L> has a y-intercept of 48 and
the line L, intersects the x-axis at C.

@ Show that angle OMC'is 90° [5]

(b) Find the area of OBAC. [3]



11 A skateboard park has a mould that is 2 metres high at the point where the horizontal

distance, from a fixed point 4, is x metres.

Ih m
A

—
xm

The height of the mould can be modelled by # =¥ +06x-3 forl<x<5

(a) By only completing the square, find the height of the mould at its highest point. [2]

BP-~453
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(b) A ramp built up the side of the mould is a tangent to the mould.

ertical distance

The ramp can be modelled by the function # =2.5x + c.

Find the vertical distance where the ramp will meet the mould. (Ignore the
thickness of the ramp.) [3]
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(¢) The height & metres of a skateboard path at a horizontal distance » metres from
b= Z‘- r’—4r* +6r
another point B, can be modelled by the function 3 O0<r<d4por

the safety of the skaters, there is a height regulation that requires no part of
the skateboard path to be 3 metres above the ground.

Fully describe this curve, including its turning points, the horizontal distance r
metres from point B, and state whether the skateboard path complies with the
height regulations. [3]
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END OF PAPER
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Answer all the questions.

(i) Statc. in radian. the range of the principal values for U~ St ¥
(1]
A [ ‘_’:“r' S 1. .<_ "":'E’
Principal value for > =5 Y i 2 2. IBI1]
/)
¢ T =
e . L2
(ii) Find the principal value of \ =7
(1]
/ ; My
g V9
;= C0s
] 5
Let L
Vi
COS ¥ = ——
.
¥
at
oSy = cus[ —)
0
i 5
cos ‘ =z
Then principal value of \ < /g 6 [B1] Radian or degree

BP-~459
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2 (a) (i) Find the range of values of & for which the graph V'~ RY=dX 4R o entircly above
the line V=3
3]
kv —4dx v k=3
kel —4x+h-3=0
Since the graph lies entirely above the line, D <0 IM1] State D <0

(=4) ~dHEMk=3)2D

16-4k*+12k <0

4k’ -12% =160 [M1 cao] Correct quad inequality

(h=d)k+r >0

k<=1 op k>4 [A1]

(Reject &< -1 gince k >0)

-y
=2

(ii) Hence, state the value(s) of & lor which the line
v=ht -+ k

1s a tangent to the graph

(1]

BP-~460
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(b) Find the value of @ and ol 4 lor which the solution set of 2 <h—ax i
[2]

Qv

Since (v+2Mx=3)<0 M1 cao]
X =32y =0<0
\ v-G <)
2¢ <124 x
Therefore, 7= ~2-h=12 [AL]

27!
9 interms of p.

3 (a) Giventhat 7= express

(3]
gt e
9 3 IM1] Change of base
23" [MI] Apply any indices law
= ';.‘m”
=3} (3)
=3p’ [A1]

(b) By using suitable substitution, solve e =2 -15=0

et =15=2¢"

et =2t =15-0
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Lgp ¥ — %

vo=2p =150

(r=5Wr+3)=0

=N =3
\ > or 1
o =8 ¢ ==3
x=In5

x=16l(34F) [Al]

A curve has the equation * = ¢

dy

(a) Find an expression for dv

1 ! 1 K B
P T
dy (B1]

[M1] Substitution method

(ne solution ) [Al]

BP~462
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dy
(b) Find an expression for dv'
(2]
d;) ~2x
— =3e¢? x-2)
dy .
dzJ' I |

F -3¢ T (x=2)+ ()3 )
. [M1] Apply Product Rule correctly based
on part (a)

[A]

(c) Hence, explain whether the gradient function is an increasing or decreasing function
for all values of x. (2]

17,:_21 l 5 . .’}3 l] 0 dzy >0
Since 3¢ >0 (x=2Y>0 14 thus [(’\ A ke , therefore dx”

[MI]

Therefore, gradient function of y is an increasing function. [A1]

BP~463
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(a) Write down and simplify the first 3 terms in the éxpansion, in ascending

s i ) ¥
~ + 3.x)
powers of x, of Lz-"' ,

(2]

[-2-1;—+ 3x)R =(:J(§%)&(3x)" +G](é—) (3.\-)+[§][#]h (3x) +....

[M1] Expand all terms correctly

1 1 I .
 256x" +(8)(128x“ )(3'r)+(28)(w)(91 V...

3 6
256x' 16x" 16X [A1]

BP-~464
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/ X
i ——l—_— 3 3.r)
(b) Explain why there is no independent term for * 2x ;

oL ke

r+t
The general term is (
[M1 cao] General Term

(x ) - (x"}= x [M1] Equate to x°

. . o : ;
Since the value of r is not an integer, therefore the term * does not exist. Therefore there is

.4
% + 3.1')

no independent term for [ * [A1] With reason

£
( z +3x] (Sx" +w~:-}
(c) Hence, find the term independent of x in the expansion of 2x A
4 - |

From part (b),

the general term is

2T Y 2
For the term *° (x ) (x ) -t [M1] Use General Term equate to X’

2

BP-465
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-16+2r (xr) — r’
x]r - 1]‘!
r=6 [M1] Value of ¥ =6
* 8 Y :
(s (G ) @ msion ,
Theterm £ in \2¥  J ig 6/ 2x [M1] Finding *°
term or prove
g 8-r rYy _ -3 %
(x ) (.‘r )-x no ¥ term
x-‘-I{ﬂEr-n' - ,r---3
x3r~|6 - r—S
I3
F=—
3

. . . . ¥ -3
Since r is not a positive integer value, there isno X term.

Hence, the term independent of x is

(- 5103x + ....)[sx-‘ +l]

X

=...5103... : [Al]

: 3-2x

y=In
(a) Differentiate 5x+3 | with respect tox. 3]
= 3-2x

Sx+3



-

-

—4

gle

)

_ -l s

5

1
203-2x Sx+3]

5

1
5_3—2x_5x+3_

dx 3-2x 2(5¢+3)

V=

(b) Hence, show that )

In

11

= %[1[1(3 —2x)~In(5x +3)]

[M1 Differentiate either In(3-2x) or In(5x+3) correctly

3-2x

5x+3 has no stationary points for

Since

[M1 cao] Apply logarithm Law

[Al]

dy -l 5

dr 3-2x 2(5x+3)

PRSS 2023 Prelim 4ESN AMaths P1

BP~467
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1 s
2x-3 2(5x+3)
25x+3)-5(2x-3)

2x-3
B 21
2(5.\'+3)(2.\7—3) [Ml]
3 3 21
—— X< — » <0
5 2 5x+3)>0, 2x-3)<0 i 2(5x+3)2x=3) [M1]
Y #0
Since dx | therefore there is no stationary points for y. [A1] With Reason
Sx+4

Sx+4 A B C
+

- = + B
Let (1+20)(x+2)" 1+2x x+2 (x+2) [M1 cao]

BP~468

(4]



S5x+4=A(x+2) +B(x+2)+C(1+2x)

x==2,  S(=2)+4=C(1+2(-2))

4= :;:(4) +B(2)(1)+ 2(1)

B=--
3

5x+4 2 I

+20(+2)  3(+2%v) 3x+2) (x+2)

Bl

Sx+4
(b) Hence, find = (1 2X)x+ 2y

PRSS 2023 Prelim 4ESN AMaths P1

[M1 - Substitute with either
|

5\':"2._'C=—";
# ]

[M1 - 2 out of 3 values of A,B, C correct]

[AL].

BP-469
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2 2 2
I - + — dx
J(+2x) 3(x+2) (x+2)

zif[ 2 }u—§m041)+§ii9;—+

3 T+ 2x =)
| | 2 |
==In(l+2x)-—in(x+2)- e —In(1+2x)
3 3 (x+2) [M1 cao] - 3 seen
I
S In(x+2)
[M1 cao] - 3 seen

~

rS

M1 cao]- (**2) seen

Elvin bought a new car and the value, $¥, of the car is given by the formula, ¥ =130000e™
where m1 ts a constant and 7 is the age of the car in months.
The value of the car after 3 years is expected to be $100 000.



BP-471

15 PRSS 2023 Prelim 4ESN AMaths P1

(i) Find the amount that Elvin paid for the car? [1]

When (=0

¥ =130000¢"
V =8130,000

(ii) Calculate the value of the car after 65 months. Giving your answer to the

nearest dollars. (3]
100000 = 130000 [M1] Attempt to find value of m
1 0 =36
— - e
13
In (E) =-36m
13
m=0.00729 (3 gg fig ) [M1 cao] _Vﬁlue of m found

vV =I3000_06-((I.UU720]{;5) ;
¥V =80949.15 ~ $80,949 | [A1]
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(iii) In which month did the value of the car first depreciate to $30,000.
Giving your answer to the nearest month.

30000 =1 30000 P0TIND [MI]
SR AL i
13
3
nl = 1= _0.00729¢
13

[M1] Taking In on both sides
t =201.14months

t=201 month [A1]

(3]

BP~472
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The equation ol a circle ('is ¥ 7 ~4%~ 6r+4=0

(i) Find the coordinates of its centre and the radius of the circle [3]
Qg =4 2f =6

g=-2 Fee M1 To find g and / |

Centre (2:3) [A1] Centre

Radius ~ \/( T HEIT Y 23 s [A1] Radius
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(ii) Explain whether the point AH45} Jies outside the circle. inside the circle or on
the circle. [2]
: : .. SJ2Y + () —283
Distance between Centre of circleto A = 7V units [M1]
Since the distance between the centre of circle to A { 2.83 units) is less than the radius

( 3 units) of the circle, therefore the point A will lic inside the circle.

[M 1] With correct explanation

BP-474
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(iii) Find the cquation of circle /). which is a reflection of circle (7 along the y-axis. (2]
., . . .
New centre of the circle ) = ¢ 2+3) [M1] New centre of circle 1)

Equation of Circle ) (1 2y =37 =9

OR

42 =6r+4 =0 (ALl

BP-475
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10
(a) Without using calculator, simplify

V162 4 V-ﬁ »J'Ja\/if J%?V'E
54 NONDS
92462

15 %
3 N";S \f"g
5 3 53
‘‘‘‘‘‘‘ X — - T
1 3 3

(b) The arca of a rectangular plot of land is (

¥, i
The length of the rectangular land is (V=

BP-476
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+ 472

Vie2
V54 (2

[M1] Break up indices

(B1]

o
31+ 82 2
- I 'l\')cmﬂ

™ .
1)—
cm

Find the breadth of the rectangular fand in the form “* JE . where o and b are integers.

31482 314842
(3+J§f 2+6v2+9

3148y2
11+6y2

3482 11-6v2
s {__x
[1+6v2 11-6J2

[4]

[M1 cao| Area /[.ength

[M1] Rationalise



21

_ 341-186v2 +88V2 - 96
(1) = (36)2)

245982

PRSS 2023 Prelim 415N AMuaths Pi

[M1] Correct Expansion

11 In a particular probiotic drink, it contains live and active “good bacteria™.
The population y. in millions, is recorded in a laboratory experiment for 20 minutes.

4 . LN
Itis given by ¥ Av +8

where x is the time measured in minutes. 4 and # are constants.
The results are shown in the table below

Y 292 1138

8118 17914 3

h
~J
d
N

(a) Using the graph grid on the following page.

Plot 1205 =8) against 18 draw a straight line graph. 13]

Ls )

BP-477



BP~480

24 PRSS 2023 Prelim 4ESN AMaths Pl

(b) Use your graph to estimate the

(i) correct value of y for which an error has been made. [2]
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(ii) value of 4 and of n, [3]
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12 (a) Show that cos’ 52.5°—sin’ 52.5° = cos105°
[1]

cos” 52.5°—sin’ §2.5° = cos 2(52.5°)

=cos 105° [AG1]

(b) Without using calculator, find the value of ¢0s’ 52.5°~sin’ 52.5° | [5]

c0s 105° = cos(45° + 60°)

=¢€0845°¢0s 60° —sin45°sin60°  [M1] Apply addition formulae
FEEE)
VA2 )2

) 5%)

- [M1] Exact values for special angles

R ' p M1] 22 seen
%l-ﬁx\/i

22 2 [M1] For Rationalisation
V2-6

4 [A1]

BP~482
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sin’ Izvx-(covt2 x—tan’ x) =4¢0s2x

13 (a) Prove the identity [3]

LHS =sin’ Zx(cotz x —tan® x)
= (2sin xcos x)* (cot2 x—tan® .r)

[M1] Involve any trigo identities

. ,{ cos’x sin®x
=(2sinxcosx)’ | — 3
sin“x cos“x

[M1] Involve any trigo identities

(cosE _t]' ~(sin’ x)°

= (2sin xcos x)’ — -
(sm" x) (cos” x)

=4 [(c«os2 x—sin’ x)(cos” x+sin’ ..\')J
= 4[{0052 x —sin’ x)(l)]

=4¢o82x ' {Al] Apply cosz- X sin2 X=cos2x

= RHS (PROVED)
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(B Heios, svlluats Lz[sin: 2x(cot’ x —tan” x)+ tan’ 2x] dx

[4]

2[ 4cos2x+(sec’ 2x-1) | d > 2 ‘
Jﬂ [ Cog2p 1 * )] d [M1] Use of 1+tan” 2x =scc” 2x or replace with
4 cos2x

= 4(s'n2"'J+l(tan2x)-.r I
2 2 "

[M1] Integrate eiﬂxef"ébs 2x or sec’ 2x correctly

3
=|2sin2x+ %(tan 2x) - .r}
¢]

= {Zsinﬂ--l-taun-ﬁ)ﬁ(.?sin{)-——l-tan()vﬂ)}
2 2" 2

[M1] Concept of substituting limits

_(0-o'-§>—(0~0—0>]

oA

[AT]

BP~484
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14 In the diagram below, AC is a tangent (o the circle at /3. $/5 is a chord of the circle.
Given that /37 and 3 bisects angle S/54 and S5C respectively.

(i) Prove that £PBR =907 13]

Let SABP = x. A CRBR =y

Thercfore, < AR = /PRB = x ( Alternate segment thecorem)

LOBR=£ZBPR =y ( Aliernate segment theorem)  |[M1] Alt seg theorem

LCBR=ZRBS =7 ( pRisects < SBC ) |M1] Bisects angle

. e v v RET — Ed ~ . -
Consider Triangle PRB. =* =} 1%0 ( sum of angles in a trianglc)

A =907 MI1] Y+ =907

BP~485
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(i) Explain why PR is the diameter of the circle [1]

Therefore, £ZPBR =90°

Thus, PRB is a right angle triangle in a semi circle. [A1] Triangle in semi circle

Hence, PR is the diameter of the circle.

(iii) Show that A5PC s similar to ARBO
(2] ’

£BRP = ZBSP ( alternate segment theorem) [M1- Any 1 reason given]

£SQP = ZROB ( yertically opposite angle)
By A4, ASPQ i similar to ARBQ A[AGl. — State by 44 ]

It is given that 4PQ=0R ;g SQ=08

_QE)‘ _4

(iv) Prove that [P Q (2]
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Since ASPQ is similar to ARBQ :
SQ_Po
RQ BQ
SQxQB=POxQOR [M1]
(OB)x QOB = PQx(4PQ)
(0B’ =4PQ’

-
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READ THESE
INSTRUCTIONS FIRST

Write your name, class
and register number an
all the work you hand in
Write in dark blue or
black pen.

You may use a pencil for
any diagrams or graphs.
Do not use staples, paper
clips, highlighters, glue or
correction fluid.

Answer all questions.

If working is needed for
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shown with the answer.
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of marks.

You are expected to use
a scientific calculator lo
evaluate explicit
numerical expressions.
If the degree of accuracy
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one decimal place.
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calculator value or 3.142,
unless the question

requires the answer in
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Quadratic Equation

For the equation

Binomial expansion

where » is a positive integer and (

3 PRSS 2023 4E5N_PRELIM AMATHS P2
: 'Mathermﬁical Formulae
' 1. ALGEBRA

F

n) _

ax’ +bhx=c=0,

n

- —bi:-Jbz ~4ac

24

(a+b) =a” +{;!)a""b +(;]a""zb’ # ¢ +(”Ja”"b' +..+b",
r

AAln—r)

_aln=1).An~r +1)

r

BP-491
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2. TRIGONOMETRY
Identities
sin’ A+cos’ A=1
sec’ A=1+tan’ A
cosec’4 =1+cot’ 4
sin{A+ B)=sin AcosBtcos Asin B
cos(A+ B)=cos Acos B sin Asin 8 -

tan A+ tan B
18 tanAtan B

sin2Ad = 2sin Acos 4

tan(At B) =

cos2A=cos’ A-sin’ 4=2cos’ A—1=1-2sin* 4
2tan 4

tan2d = ———
I-tan” A4

a b ¢
sind ginB sinC
a’=b"+c* —2bccos A

A=%absinC

Formulae for A4BC

Answer all the questions.

Sketch the graph of ¥ = °8s* indicating the coordinates of the point where the

curve ¥ =19Bs ¥ cuts the x-axis. [2]
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B1 for correct shape

B1 for x-value of | shown on
graph

v
(B} Given that 187+ =X =2 eypress v in terms of x. 131
fo(7v+2)-y =2
lg{7y:2) =24y MICAO
Tu=2 = 107 MI to change lg to base 10
74 =10 -2
107 =2
Sy — Al
’ 7
log, (23" + 27 -2log (v-12) =1 [4]

Solve the equation 5*


https://freetestpaper.com/
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log,(2x° +27)=2log.{x=12) =]

g (x-12))
log_:(2x3+2")—2 10—"9—1} = M1 for change of base

L log.9

fog.(x~12))

log.{2x* +27)-2 - i

‘ L tog.3” )

- fog (x=12)) . . .

log.(2v" +27)- 2} ——— =1 M1 for logi3=1 or combine two terms

' L ) using log rule
101_,;{2.6 +27)=log.(x+12) =1

(2x" +27)

loy, —— =1

To(v+12)

2yt 127
Gr+2)_, MICAO

(x+12)
20427 =3x+12)
2v-3v-9=0
(2x+3)xy-3)=0

Sx==15 or x=. Al

—d
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The expression 3¥™ +ax™ +hx+2 where a and b are constants, has a factor of ~ -1
When the expression is divided by ¥~ 2 it leaves a remainder that is 2.5 times the

remainder when divided by ¥+ 1.

@) Show that @ =2 and P=-7. (5]
F)=32" o0 +bxe 2
WO+ +h+2=0
a+b==5 (1) M1 or showing f(1) =0

J(@y:
WY +a(2)Y +b(2)+2=4a+2b+26
AM1CAO for either A2) or £-1)
FA
W= +a(=0} +h(=D+2=a~h~1]

F(y=251(-D
da+2b+26=25(u-b-1 M1 for equating
[ 5a+43h==-285 —()

lrom (11, = -35-h —(3)

sub (3) into (2)

P (=3-M+43h=-285
~75-15b+4.56=-28.5
3h=-21

b=-7 Al

Sub A =-7 mto (3)
a=—53—(-N=2 Al

Sa=2.h=-7 shouwn



(b)
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Hence, by using long division, solve the equation 3¥ + V" +hv 1 2=0 [3]
x5y 2
\—1)?.\':—»3\ - T7x+2
Pt 3 M1 for showing at least | Tevel

correct long division

(V=13 +5x-2)=0
(v =DBx-Dx+23=0 M1 for factorising

=l o x=— x=-2 Al
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| —3cos2xfor O<y<lx

The equation of a curve is y
(a) State the period of /.

2r . :
7 BIl, award it answer in degrees

)

Period oiven also ie 1807

(b) State the maximum and minimum values of .

Bl

Max valuc =4
Bl

~

Min value = —

P
)

(©) Sketch the graph of y = |

BP~497

IEHIS P2

(2]

. 3 . . .
cos 2v for 05 v <27 indicating the number of
(2]

points of intersections with the axes clearly.

-

B for correct max, min
values and shape

i
Y
",i B for correct S points of
1 intersection of curve with
\
: axes

e T
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2.2)

v

1/
The diagram shows part of the curve and two parallel lines OR and PQ).

The line QXK intersects the curve at the pomnt R{2.2} and the line () 1s a tangent to the
curve at the point (.

(a) (0,4 [4]

Show that the coordinates of / and (J are and (8 respectively.

- &
RN

0-4
=8 = -3

M1 for correct gradient r=4
Mg, — My, =1 . Coordinates of P{0.4) Al
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32
v-10-—

Az
ch! ; . i g0
= - fdx MICAQ tor correct difterentiation
A
o4x =1
8
— =1
X =64
g 4
Suby - 4oy

. Al

y=10 =8

3

- Coordinates of Q('—LS} MICAO

(b) Find the arca of the shaded region OPOR. (6]

V

4 !
1
I
1 ¢)
I
]

'f)
/ 1

A4
B

/

To find shaded area 1.
Area of trapezium — Arca of nangle

JoLape) M

“—

|
= A{2)(4+6
2

- Kunits M

To find shaded area 2.
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Area of trapezium — Area under curve fromx=2tox =4

1 ‘o 32
:5(2)(6*8)1[? 0-Zde M

P iy Ton 4
=M-{10x+ i ] MI1CAQ for correct integration
4 32 32
14— [40+—}-(20+ﬁ)
4 ;) A 2
=i4-12
= 2units’ Mi

Total area =8 +2 = 10units® Al

¢ kmg D B

] I A

I m

In the diagram, (JABC is a square of side Im. D and ¥ are points on B(’ and 40
respectively. /)/" is parallel to the sides of (' and BA. His a pointon Dl and Gisa
point on ('A such that /2H 1s x m and ('(; 1s A&x m, where & is a constant and 0 <4 < 1.

(a) Show that the sum, § m? of areas of triangles (O)H(; and ABH, is given by

S:-l-[l—k.wkxz)
& . (3]
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Area ot NOH(; and 1B
=1 = (Arca of AOCG 1 Arca of ABGH - Area of AHOH )

4 3\
—]_té, 1= k_\‘-é-—i_;j.' x] _k,\-}+;(1 __\-)(])J M1CAO for area of square = Im?

[ | M1 for area of any | triangle found
= - —hky+—ky” Al
3 3

2

s

(l —kx+kx° } shown AG

(b) Find the value of x such that § a minimum. (3]
ﬁ _ —ik e MICAQ for
cly 2
A5 MICAO for
il
oy
Lo

2
|
r==
2
d"? =k >0 (minimum) Al

[£A%



BP~502

14 PRSS 2023 4ESN_PRELIM AMATHS P2

(¢) Given that x can vary, find in terms of %, the minimum value of S. m

6 (a) sin@= - . _

Itis giventhat . ;1 +a" and 9 is acute. Obtain an expression, in terms of

a, for 21an@ AR (2]
1

tanf = — Ml
a 2

S 2tan@ _

a % 53

(b) Solve the equation 2sec A=tan’ 4-2 for 0° < 4<360° [4]
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2secA=tan’ A-2
2sec A=sect A-1-2 MICAQ for using
sec’ A—2secA-3=0
(sec A-3)(secA+1)=0 M1 for factorising
cosAz-;— or cosA=-I Ml
a =705° a=0°
. A=70.5°,180°,289.4° Al

7 Charles signed up for a race and wag given a brochure showing the race route.

—. L{f’
=
X D Y
Sk P

XY is a straight road. Participants would start running from point 4 to D, then from D to
C, followed by C to B and finally from B back to A. BC is parallel to XY. CD is

perpendicular to both BC and XY, 4B=AD=3km and angle X4B is § °. The total
distance of the route is L km.
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(a) peosH +gsind + 7 :
Show that /. can be expressed as , where p, ¢ and r are
constants. 2]
1= dsmd MI1CAO for both
BC = 3cos0+3
S =3cos+3sin@+3+-3+3
=3cos@+3s5ing+9 Al
b cos{ — : 5
B Express /. in the form Reos{ll~a j+ . where /¢ > 0 and « is an acute angle. [3]
[ =3cost+3sinfd+9
= Reos(8 —a )+ 9
R=V3+3 =18 Mi
o= tan ' = 450 M1
3
L L=V18cost@ —45°)+9 Al
(c) The total length of the route is found to be 13 km. Find the possible values of ¢ [4]

JI18 costt) - 4573+ 9 - 13
\fliguas(o- 45%y =4
- 4
cos(( - 43°) . —
18
cos J' = 19.5°

basic angle
VI8

¢ .,]5’ = ]9,53, -19.5¢°
0= 64525 8%

L0=255°645° Al

MICAO

M1 for basic angle

M1 for correct quadrants
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(d) Charles claims that he can finish the race in under 49 minutes if he maintains his
speed of 16 km/h throughout the race regardless of the value of €. Is Charles’s

claim true? Explain your answer. [2]
; 49
Distance ran by Charles =—x 16 =13 1km

6f) .
M 1 for both distance and max /.

Maximum /. occurs when COS(8 =459 =1

= i1 = 199
Therefore, L=VI&(1)+9=1324km

Since Charles covered a lesser distance than the maximum, therefore his claim is
not truc. Al

OR
VIR +9

x 00 =49.6min M1

Maximum time taken —

Since Charles’s time exceeded 49 mins, therefore his claim is got truc. Al

36 ¢m

The diagram shows the cross section of a hemispherical container with centre (). The
container is filled with water and has a radius of 36 cm. Water is leaked through a hole
al the bottom of the container such that when the water in the container is at a depth of 4
cm, the horizontal water surface has a length of x cm.
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S

(2)  Show that ¥ = N28RA—di” ‘

Using Pythagoras theorem,
367 =(36 - hY 4+ X
36" ={36-h) i

; z N
M 36 -T726H+H 4+ j

vz 2884 4

¥ =288k -4k shown

M1

Al

AG

BP~506
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[2]

(b) Given that the Iength of the horizontal water surface is decreasing at a rate of
4 cm/min, find the rate at which the depth of the water is decreasing when

f=10cm.

[5]
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dv _ —4emymin MICAO for decreasing rate

el
i . " t
i;;m :i(zsghﬁ 4h7) 2(288 -84) M for differentiation
el 2 '
At =10 cin, Wil foraph of ¢ 10em
» N Jn o Ml for
—4 = —(288(10)-4(10°) *(288-8(10))~
2 20 ot
/ .
ﬁ =—1.9Z2cmmim
v/

. Depth is decreasing at 1.92 cm/min Al

9 A particle /? moves along a horizontal straight line so that its displacement, s m, from a

fixed point €, f seconds after motion has begun is given by =145 = 1"



(a)

(b)

BP~508

20 PRSS 2023 43N PRELING AXNLATHS P2

Find an expression, in terms of 7, the velocity of /.

Iy ;
v= =823

or

Bl

Find the acceleration of /> when it is instantaneously at rest.

vz ()
5-21-3%"=0

(1-1{3t+35)=0

> .
=] or r=-=-re¢
S e
a
v
=—=-2-0/
ot
whent =1,

a=-2-6(1)=-8ms’

MICAO

Ml

MI1CAO for differentiation of v

Al

[1]

(4]



A second particle (0 moves along the same horizontal straight line as / and starts from
() at the same instant when /? begins (o move. The initial velocity of {J is 6 m/s and its

(c)

BP-~509
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Find the value of 7 at the instant when /> and () collide.

For particle O:

¥ =J4~—6[ dt MICAQ for integrating v
6r°

=d4f——+¢
2

=dt -3 +c¢

Initially, £ =0,y =6m’s. s =0m

6 =40)-3(0) +¢

c=0
av=4-3 +6 M
s=[41-3F +6 di

4r 3

=———t0l+C
2 3

=2~ +6f+c

0=200) -0y +6(0) +¢

o)

S8=207 = + 6t M]

When particles £ and O collide, displacement 15 equal

14+31 -~ =26~ +6i M1 for equating the 2 displacements
I +i-14=0

q
{=2 or {=—{%— rej Al

[5]
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{(d) Dectermine whether 2 and () are travelling in the same direction at this instant. [1]

They are travelling in the opposite direction at this instant when they collide. B1
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10
¥
F'y
N
/.-
A
v /,l
1Y
‘\
: < X
0 '
1(10.k)

The diagram shows lines 11 and /.» intersecting at
Jv=4x

. Line I, has equation

~40 The point M is the midpoint of (J4. The line /.2 has a y-intercept of 48 and
the line /.y intersects the x-axis at (.

a . >
(*) Show that angle OM("is 907 (5]

Sub (16,4 Into 3y = dx—40

3k = 3(16)— 40

A=Y

s evordinates of 16,8 MICAO

Sub (x.0) inte 3y = $x —40 (cutls v axis)

I =3x-40

= |0

~eoordinates of C(10.(h - MICAO

Using, nudd-pomt fonuaks.

(16 0+8Y
[ D8 gy Ml
v 2 2 J

S |

m,, = 0 =—
1o 2 M1 for either or
G =

m,,. = ==

W

soSinee m, my,. —— 1, angle OMC 15 907 shown Al with
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11 A skatcboard park has a mould that is # metres high at the point where the horizontal

distance, from a fixed point A, 1s x metres.

hm
£

xXm

The height of the mould can be modelled by fi=—x +ox-3ori<x<s

(a) By only completing the square, find the height of the mould at its highest point  [2]

—-(t:—ﬁr-.‘- .)}
— j( ‘-._ﬁ\'; _[ﬁ‘i +3 MI for completing the square
9 o
o N~
= (x-3) +9-3
=—(v=3) +6

~. The height of the mould at its highest pointis6m Al
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(b) A ramp built up the side of the mould is a tangent to the mould.

Vertical distance

The ramp can be modelled by the function 7 2.5x t ¢

Find the vertical distance where the ramp will meet the mould. (/gnore rthe
thickness of the rany.)

(3]
Gradient =25

dh_ et MI1CAD

oy

—2.‘5 *6:25

M

Al
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(c) The height /# metres of a skateboard path at a horizontal distance » metres from
2

. N %

fi=—
3 O<r<dpy

another point B, can be modelled by the function
the safety of the skaters. there 1s a height regulation that requires no part of
the skateboard path to be 3 metres above the ground.

Fully describe this curve, including its turning points, the horizontal distance »
metres from point B, and statc whether the skateboard path complies with the

S

height regulations. 3]

hz—%f'3 4r : 6r
R

4 M ICAO for expression
2rc-8r-6-0
2(r Ir 3H-0
r—lor3
r:Lhwg
P =0
48 4r-8

8 : . .
aAr=Lh=— »— <0 » maximum point M| for |*' or 2™
3 dr Bl )
) derivative test for
1" h - . v
at =3 0=0 > —-—; © 0= minimum point POth points
2

, , . 8

T'he carve has a maximum stationary point of h = —mat =1
P |

and a minimum stationary point of h — O m at » — 3 and

. .8
aheightol —mat r— 4,

. The skatcboard path complics with the height regulation, Al





