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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax? + bx + ¢ = 0,
—b +vb?* — 4ac
x =
2a

Binomial Theorem

(@+b)" =a"+(7)a* b+ () @™ 2b 4. + (7)am7br+...+b7,

. .. i T | Yt
Where nisa pOSltIVC mteger and (T‘) = rf(:ir)l = mem r(ln T'+1).

2. TRIGONOMETRY
Identities
sinfA+cos?A=1
sec?A=1+tan’A
cosec’A =1+ cot®* A
sin(A+ B)=sinAcosB * cosAsinB
cos(A+x B) = cosAcosB FsinAsinB

tanAttan B
iFtan AtanB

tan(A+ B) =
sin2A = 2sinAcosA

c0s2A =cos?A—sin?A=2cos?A—~1=1-2sin*4
Z2tand

tan2A = A

Formulae for AABC
a b c

sinA - sinB = sinC
a? = b%+c?~2bccosA

A=%absinC
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Kent Ridge Secondary School Preliminary Examination 2024

BP~290



BP-291

1 Do not use a calculator in this question.

(a) Use the identity for tan 24 to find the value of tan A in the form a + bv/Z, where a and

b are rational when tan 24 = 1. It is given that A is acute. [4]
(b) Hence find the exact value of sec? A. [21
Secondary 4 Express 3 4048 / 01 Additional Mathematics
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2 Two perpendicular lines Ly and L, meet at A (2, —3).
L, has equation 2x + y = 1 and L, has equation y = mx +c.
L, meets the y — axis at point B. '
(a) Find the coordinates of B. 3]

The distance from 4 to a point C(4, k) is 5.
(b} Find the exact value(s) of &. [3]

Secondary 4 Express 4 4049 / 01 Additional Mathematics
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3 Itis given that f(x) = 2 cos (—E) and g(x) =3sinx + 1.
(a) State the minimum and maximum values of f(x). (1]

(b) State the minimum and maximum values of g(x). f1]

(c)  Sketch, on the same axes, the graphs of y = f(x) and y = g(x) for 0° < x < 360°. [4]

(d) State the number of solutions to 3 sinx + 1 = 2 cos (9 for 0° < x < 360°. f1]

Secondary 4 Express 5 4049 / 01 Additional Mathematics
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4 (a) Find, in simplest form, the first 3 terms in the expansion, in ascending powers of x of
(a — x2)%, where g is a non-zero constant. [3]

2
(b)  The first 2 non-zero terms in the expansion of G + x) (a — x?)® in ascending powers

5
of x are % + bx?. There is no term independent of x. Find the value of constant a and

constant . [5]
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5§ (a) Explain why the finction f(x) = 2 x # 3 is a decreasing function. [4]

x-3'
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{(b) Express f(x) in the form a + x—:—. Hence find [ ’;—3 dx. [4]
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6 Roast chicken and fish baked in foil are taken out from different ovens.
The temperature, T, °C, of the chicken ¢ minutes after it is removed from the oven is modelled
by the formula T, = 75e7002¢,

(a) State the initial temperature of the chicken. [1]
(b)  Find the time taken for the temperature of the chicken to drop to 65 °C. 3]
Secondary 4 Express 9 4049 / 01 Additional Mathematics
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The temperature, T °C, of the fish kept wrapped in foil ¢ minutes after it is removed from the

oven is modelled by the formula Ty = 63e**.

(c) Aﬂeri of an hour, the temperature of the fish is 54.2 °C. Find £, correct to 2 decimal
places. I31

(d) Using the value of k corrected to 2 decimal places in part (c), find the time when the
fish has the same temperature as the chicken. [3]

Secondary 4 Express 10 4049 / 01 Additional Mathematics
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7  (a) Dufferentiate x In x with respect to x. [2]
(b) Giventhatf’'(x) = % — 1 and f(x) has a maximum point at (1,0), find f(x). [3]
Secondary 4 Express 11 4049 / 01 Additional Matheratics
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8 (a) Show,with algebraic reasoning, that the curves y = 2x® ~ 8x and y = —x%—4x -3
do not intersect. (3]
Secondary 4 Express 12 4049 / 01 Additional Mathematics
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(b) By expressing each of 2x2 — 8x and —x2 — 4x — 3 in the form a(x + b)? + ¢, where
a, b and c are constants, use a sketch to show that the two curves y = 2x% — 8x and
y = —x? - 4x — 3 do not intersect. [5]

Secondary 4 Express 13 4049 / 01 Additional Mathematics
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25cm

Figure 9A Figure 9B
An empty cone as shown in Figure 9B has base radius 5 cm and height 25 cm. Liquid 1s

poured into it such that in ¢ seconds the top surface of the liquid is x cm below the apex of the
cone, as shown labelled in Figure 9A, the vertical section of the cone from its apex 4.

(2) Show that the volume of the liquid, ¥ = 2m(625 — ). 2]

Secondary 4 Express 14 4048 / 01 Additional Mathematics
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(b)  Given that x changes with # such that % = —% t cm/s, find the rate of change of the
volume of the liquid when x = 2 cm. [6]

Secondary 4 Express 15 4049/ 01 Additional Mathematics
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10
C
A i : B
Right-angled triangle ABC is inscribed in a circle with diameter 4B = 8 cm.
(a) Express the area of triangle 4BC in terms of sin 26. [3]
(b) Find the maximum area of triangle ABC. [1]
Secondary 4 Express 16 4049 / 01 Additional Mathematics
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{c) Show that the perimeter of the triangle 4BC = 8(1 + sin 8 + cos 8). 1}

(d) By expressing sinf + cosf = R sin(@ + a}, where R and « are constants to be found,
find the maximum perimeter of triangle ABC. (3]
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1t () =§x3+ax2—20x—4+b.

It is given that f(x) is divisible by x and leaves a remainder of — 51 when divided by x — 3.

(a) Find the value of a and of b. (4]

(b) Find the exact values of the x coordinates of the turning points of the curve y = f(x)
and determine the nature of each turning point. [5]

Secondary 4 Express 18 4049 / 01 Additional Mathematics
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sin(A-B) _ 2

12 (a) Given that T = 3

, prove that tan A = 5tan B. [3]
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(b) Hence or otherwise, solve 3 sin(45° — 8) = 2sin(45° + 8) for 0° < 8 < 360°. [4]

End of Paper
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Qn Solutions Marks
1a 2tanA M1
B g
B 2tan A Al
1—tan? 4
1—tan*A=2tan4
tanA + 2tand —1=10
—2+V4+4
tan4d = —— 5 M1
=—1++2 Al
1b sec?A=1+tan’4
2
=1+ (-1+v2) M1
=14+1-2v2+2 AL
=4-272
2a Gradient L; = —2
Gradient L, = % M1
i
-3= 5(2) +c M1
c=-4
B(0,—4) Al
2b (4—-22 +(k+3)2 =25 M1
(k+3) =21 M1 or apply quad
formula to
general egn
k=+V21-3 Al
3a Min -2 and max 2 B1
3b Min-3+1=-2, max=3+1=4 B1
3c f{x) period or shape correct B1
g(x) period or shape correct Bl
f{x) fully correct B1
g{x) fully correct Bl
3d 3 Bl
4a (a —x)% = a® - 6a’x? + (6) atxt+..
. 5 5 ba . 2 B1,B1,B1
=aq°® —6a’x* + 15a%x* +...
4b 1 M1
(F +2+ xz) (a —x2)8
1
(——2— +2+ xz) (a® - 6a°x% + 15a*x*)
X
Term independent of x; M1
—6a® +2a =0
—6+2a=0
Term in x%:
— 4 5 6 _
5a x—3)—-(x+1 M1
f'ix) = ( > )
(x—3)
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Qn Solutions Marks
- Al
f'(x})=——
Since(x —3)2>0,x # 3 Bl
f'(x) is always negative or
Gradient of f is always negative, so it is a decreasing Bl
function
5b 4 M1
flx)=1+——
4 x—3 M1, M1, Al
f1+x 3dx=x+4ln(x——3)+c S
6a 75°C B1
6b 75e~002t = g5
g—002t = &5 M1
75
~0.02t =In (2 M1
n(Z3)
—_ 75 H
t=_ o= 7.16 min Al
6c | 63e15% =542 M1
(42 M1, Al
k= —1-55-?— = —0.01003 = —0.01
6d 758_0'02t = 636—0.01!.‘ M1
e—D.DZt 63
2-00it _ 75 M1
63
—oo1t _ 27
¢ 75
() _ .
t=_ "= 17.4 minutes Al
7a 1 M1~ diff In x
x _) tlnx correctly
=14+Inx Al
7b f(x) =lnx—x+¢c M1
0=ln1-1+¢ M1
c=1
fX)=lnx—x+1 Al
8a |2x?—-8Bx=-x*—4x—3 M1
3x2—4x+4+3=0
Discriminant = (—4)% — 4(3)(3) = —20 M1
Since discriminant < 0, there are no real roots to the Al
simultaneous equations,
The 2 curves do not intersect
8b 2(x? — 4x) = 2[(x — 2)? — 4] M1
=2(x~2) -8
—(x%2+4x+3)=—[(x+2)*—1] M1
=—(x+2)%+1 Al
Sketch min curve with TP (2,-8) passing through O B1

Sketch max curve with TP (-2,1) passing through (0,-3)

Non intersecting

Bl
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Qan Solutions Marks
9a r _ 5 M1
x 25
Pk
~5
Volume of liquid B1
_1 2 _1_fx 2
=5n(5)2(25) —37 (5) @
=1n(625 - %
— 3n( 25
Sh av _ 1 3x ey
Fri i G
av _dv.,  dx
dt  dx dt
1o 3XN(_ L M1
- 3“"( 25)( 2 ) L
=| —=tdt
=L
1 (t2)+c
x = —— —
2\ 2 M1
Subt=0,x=25
c=25
tZ
x=——+25
4 Al
Subx=2
tz
—g+t25=2
t? =92
t =92 Al
v _ 1 3@/ 1 - 3
—;*37T( Py )( 2\/_‘5-2—)—2.4lcm /s Al
10a BC = 8sind M1 — either BC or
AC = 8cos@ AC found
Area = :21-(8 sin#)(8 cos8)
= 32sinf cos 8 M1
=16sin28
Al
10b Max =16 Bl
10c Perimeter=AB+BC+CA=8+ 8sinfd + B8cos @ B1
= 8(1 +sin8 + cos B)
10d sin6 + cos & = V2sin(0 + 45°) B1, B1
Max perimeter = 8(1 + v2) B1
11(a) | f(O)=—-4+b=0 M1
b=4 Al
1
fB =303 +aB’~20B3)~4+4=-51
a=0 Al
11{b 1
( ) f(x) =§x3—20x
f'x)=x2=20=0 M1
Al

x = +y20 = +2vV5
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Qan Solutions Marks
frx)=2x M1
When x = 2v5, f (x) > 0, it is 2 minimum point Al
When x = —2v/5, f "'(x) < 0, it is a maximum point Al
12(a) sinAcosB —cosAsinB 2 M1
sinAcosB + cosAsinB 3
3sinAcosB — 3cosAsinB
=2sinAcosB + 2cosAsinB
sinAcosB =5cosAsinB M1
sinAcosB _ S5cosAsinB a1
cosAcosB cosAcosB
tanA =5tanB
12(b) sin{45° — 8) _ 2
sin(45°+8) 3
A=45°B= 0 M1
tan45° = 5tané
1
tanf =—
an R M1
1
a = tan™? (-g) = 11.30° Al
Al

6 =11.30,180 + 11.30 = 11.3°,191.3°
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Mathematical Formulae

1. ALGEBRA
Quadratic Equation
For the equation ax® + bx + ¢ = 0,
—b +vh? — dac
x =
2a

Binomial Theorem

(@+by"=a"+(7)a™"b + (5)a™2p2+... + (%) arb7+...+bm,

where 7 is a positive integer and (:‘) = T'(:ir)l - ﬂ(n——l).;sn—r+1).

2. TRIGONOMETRY

Identities
sinfA+cos?4A=1

sec’A=1+tan?4
cosec?A = 1+ cot’* A
sin{A + B) =sinAcosB + cos AsinB

cos(A+ B) =cosAcos B +sinAsinB

tan At+tanB

tan(A + B) = —_——
1Ftan Atan B
sin2ZA =2sinAcosA

cos2A=cos?A—sinPA=2cos?2A—1=1—-2sin’4

2tan A
1-tanZ 4

tanZ2 A =

Formulae for AABC
a b c

sinA = sin B = sinC
a2 = b2+ c?—2bccosA

A=§absinc

Secondary 4 Express 2 4049 / 02 Additional Mathematics
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1 Express in partial fractions. [5]

4
(x2+1)(x+1)

Secondary 4 Express 3 40449 / 02 Additional Mathematics
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2 (a) Radiation intensity, R, varies inversely with the square of 4, the distance from the
source of radiation such that R = ak—z, where £ 1s a constant.

Values of R for different values of d have been collected and tabulated.
Explain how a straight-lined graph can be drawn to determine the formula connecting R
and d. [4]

(b) The number of particles present in a room, ¢ minutes after turning on the air filter is y.
When corresponding values of Ig y and ¢ are plotted on a Ig y against # axes, the points
form a straight line that passes through (0,3) and (10,1.5) as drawn on the axes on the
next page.

(1) Find y in terms of 7. (4]

Secondary 4 Express 4 4049 / 02 Additional Mathematics
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(1)  Use the graph to estimate the time taken for the number of particles in the room to
be halved. [3]

Secondary 4 Express 5 4049 / 02 Additional Mathematics
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3 (a) The diagram below shows the graph of the curve y = cosx + E for x = 0 radians.

The tangent to the curve when x = 0 at C, is drawn to D which is vertically above point
B, the minimum point of the curve.

Points 4 and B are the first two stationary points of the curve.

Find x,,, the x coordinates of point B.

You do not need to show that it is a minimum point. [4]

B/

(b) (i) Find the equation of CD. [2]

Secondary 4 Express 6 4049 / 02 Additional Mathematics
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(i) Find the area shaded that is bounded by the tangent to the curve y = cosx + 2 at
x = 0, the curve and the line x = x;,. [5]

Secondary 4 Express 7 4049 / 02 Additional Mathematics
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4  (a) 2y=16x+ kisatangenttothecurvey = 2—1x + 2kx. Find the value of constant k. [4]

Secondary 4 Express 8 4049 { 02 Additiona! Mathematics
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(b) Find the range of values of a such that ax? + v8x + (a — 1) < 0 for all values of x. [4]

Secondary 4 Express 9 4049 / 02 Additional Mathematics
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5  Giveny = e**sin3x.

. L2y
(a) Find — [2]
. . d¥y
(b) Find = [2]
10 4049 / 02 Additional Mathematics
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2z
(¢) Given that % + Z—xz + ay = be?* cos 3x, form 2 equations involving ¢ and 5 and use
them to find the value of g and of &. [4]

Secondary 4 Express 11 4048 / 02 Additional Mathematics
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6

d
(a) Show that ‘&;(

(b) Hence evaluate fos

Secondary 4 Express
Kent Ridge Secondary School

x=2 )_ Ix+8
VIx+1) T 2

J(Bx+1)3

3x+7

2,/(3x+1)3 dx.

12

BP-320

(5]

4048 / 02 Additional Mathematics
Preliminary Examination 2024



BP~321

For continuation of working for question 6 part (b)
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7  AFis atangent to the circle ABCD at 4.
E is on AF such that EDC is parallel to AB.

A E F
(a) Prove that triangle ABD and triangle DAE are similar. [3]

(b) Show that if triangle BCD and triangle DAB are similar, BD must be the diameter of the
circle. (3]

Secondary 4 Express 14 4048 / 02 Additiona! Mathematics
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8 (a} Solve3(3**1)=10-37* [4]
(b) Givenlogy oo x +1gy = 3, express y in terms of x. [4]
Secondary 4 Express 15 4049 { 02 Additional Mathematics

Kent Ridge Secondary School Preliminary Examination 2024




BP-324

9  The chord 4B of a circle C has equationy = — %x + 10, where the x coordinate of 4 1s
smaller than the x coordinate of B.

The circle C has equation (x — 2.5)2 + (y —5)* = —3-25 with centre E.

(a) Find the coordinates of 4. [4]
365
(1“2.5)24‘(_7—5)2:—4—
- + 10
y=-3%
Secondary 4 Express 16 4049 / 02 Additional Mathematics
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(b) State the centre of circle C, and use it to show that the perpendicular bisector of 4B
passes through the origin. [4]

(c) The chord 4B is extended to cut the x-axis at point D. Show that the mid-point of AD
lies inside circle C. [4]

Secondary 4 Express 17 4049 / 02 Additional Mathematics
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10 A particle starts moving in a straight line when it is 6 metres from a fixed point O, such that
its velocity, ¢ seconds after the start of the motion is given by v = 4e™* + £ — 3 m/s.

(a) Find the initial velocity of the particle. (2]

(b) Show that the minimum velocity is negative, and it happens when t = Eln 8. [4]

(¢) Using your answer from part (a) and part (b), explain if the particle changes its
direction of motion. [2]

Secondary 4 Express 18 40489 / 02 Additional Mathematics
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(d) Find the displacement of the particle from 0, 2 seconds after the start of the motion. [4]

End of Paper
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Qn Solutions Marks
1a 4 _ Ax + B N c Al
(x2+D(x+1) x2+1 x+1
4 _(Ax+B)(x+1) C(x%+1)

2+ Dx+1) @E+DE+1D) " @+ DE+1)
4=(Ax+B)x+ 1)+ C(x*+1)

Subx=-1
4=C((—-1)*+1) M1
c=2
Subx=0 M1
4=(B)D+c)
B=2
Compare coef of x:
A+C=0 M1
A=-2
4 _2-2x 2 Al
Gt DE+1) 2241 x+1
2a Plot points of corresponding values of R and 7‘1—2 B1
Draw best fit line through points and the origin Bl
Find gradient of the line gi

gives the value of k
2bi Gradient of line = % =—0.15 M1

Lg yintercept =3 Bl
lgy = —0.15¢ + 3 M1
y = 10015243 Al
2bii Initial number of particles :
lgy =3
y = 10° = 1000 M1
Find the point on the straight line when
lgy = 1g500 = 2.69 M1
The time taken is the t value of the point B1 —theirt value
{+0.4)
3a dy 1 M1
a = —sinx + E
sinx + 51— 0
sinx = > Al
T
a= g M1
m 5w
*=86
T
X= Al
3bi Gradient of tangent at x = 0
M1

dy_ . 0+1_1
dx oM ET3
y=cos0+0=1

Equation of tangent y = %x +1 M1
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Qan Solutions Marks
o
& 1 x
3bii Area = f Ex+1-cosx—§ dx M1 - mtd to find
0 area trap under
tangent
M1 — definite
integral of curve
from 0 to x,,
57
= [x — sin x]'(;ﬁ_ Al - correct expr of
their integrals
57t /5w
= s sin (_6_) A1l - correct sub of
limits
57 1
= _—Z=212@3s.f.
2 5 =2123s.f.) Al
1 M1
fa =+ 8x =—+2kx
2 2x
kx + 16x2 = 1 + 4kx?
(4k —16)x* —kx+1 =10 M1
k2 —4(4k - 16)(1) =0 M1
k?—-16k+64=0
4b Discriminant:
V8 —4a(a—1) <0 M1 - expr for D
8—4a2+4a <0 M1 - condition for
a?—a—-2>0 D
(a—2)(a+1)>0
Sincea < 0, B1
a<-1 Al
5a v = e** sin3x
d N
&Y — 2% sin3x + 362 cos 3x M1 either term
dx seen
Al use of product
rule and final ans
dZ
5b £y 2(2e2* sin 3x + 3e2* cos 3x) + 3(2e** cos 3x M1 use of at one
dx? correct product
— 3e?* sin 3x rule of their dy/dx
5¢ d?y Al
ke —5e2* sin 3x + 12e2* cos 3x
2¢2* sin 3x + 3e%* cos 3x — 5e?* sin3x + 12¢%¥cos3x | M1
+ ae?* sin 3x = be?* cos 3x
a=3b=15

Al




Qn Solutions Marks
6 ey 3(x—2) M1 — quotient rule
3x 4+ 1~ et
i( x-2 ) _ 2/3x + 1 seen with positive
dx\\3x+1 3x+1 sq root or product
seen with negative
$g root
23x+1) 3(x—-2) M1 — simplify with
2\/3x +1 243x+1 common
3x+1 denominator or
taking out common
factor
_ 3x+8
2vV3x + 1(3x + 1) M1 — all factors in
denominator
collected
_ 3x+8
2,/(Bx + 1)% Bl
6b f"z 3x +8 x—2 M1 — seen or
—————————— x = — . -
vy 2/Bx+ 13 [3x + 1 o implied
[% Ix+7 d +Ih 1 p x—z]""2
—_—dx —_————dx =
x1 24/ (3x + 1)3 xy 24/ (Bx+ 1)3 v3x + 1,
X M1 —any
f : 3x+7 dx equivalent form
: 24 (Bx+1)3 To show 7 =8-1 or
8=7+1
x—2 *z 1
b
3x+ 1, Jx 2/(3x +1)3
x—2 ]"2 1 f
= N Bx+1) zdx M1 - standard
[V 3x+1, 2 integral
- 1(3x+ 1) M1 - show the
\/ 3x+1 correct limits
substituted into a
3 -2 1 1 valid integral
i1 (‘@‘ * §'(I)")
72
Al
7a £DAE = £ABD (angles in alternate segment) B1
LADE = £BAD (alternate angles of parallel lines) Bl
triangle ABD is similar to triangle DAE {AA similarity) B1
7b 4BAD = £DCB (corresponding angles of similar triangles) Bl
£BAD + £DCB = 180° (angles in opposite segment) Bl
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Gn Solutions Marks
£BAD = £DCB = 90°
BD is diameter {angle in semicircle = 90°) B1
8a 33**"1)=10-37%
letu = 3%
M1 — breakdown
33w =10 —= 3t
9uZ —10u+1=0 M1 - general QF
x =1 X —
3 —90r3 1 Ml-egninx
x=—-20r0 Al
Bb loglogx + lgy =3
lgx M1 - change base
=3
igi00 T 18Y
lg x
lgvx +1gy =3 M1 — step before
simplifying to one
log term
lgevxy=3 M1 - one log term
Vxy =103
_ 1000 Al
YTk
1 365 . ituts
9a (x— 2.5 + ('"Ex +5)% = oz M1y - substitution
2 1., 365
x —-5x+6.25+;x —Sx+25:—4—
S 2 10 +3125—3‘55
i 2 X 25=—
5x% — 40x + 125 = 365
M1- |
5x% — 40x ~ 240 = 0 Nl Qe
x=12,x=-4 Al
A(—4,12)
9b centre of circle (2.5,5) B1
y=2x+¢ M1 —pgrad 1 seen
Sub centre of circle (2.5,5) B1
5=2(25)+¢c
c=10 Al
9¢ Sub y = 0into AB
1
0= —Ex + 10 Ml
x =20 M1
D(20,0)
M, Mid point AD = (8,6) M1
Distance ME? = (8 — 2.5)% + (6 — 5)? = = < 3= M1
102 | Subt=0,v=1 81, B1
10b a=-8e%+1=0 M1
1
-2t _ =
S M1
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Qn Solutions Marks
1
—2t= ln§ B1
—-2t=In1—-In8=—-In8
1
t==In8
12 ’
v=4f“ﬂ+5m8—3=—446 Al
10c¢ | Since velocity changes from positive to negative, the Bl
particie did change its direction of motion Bl
10d 2 M1 integrate exp

t
s=—23'2t+?—3t+c

Subt=0,s=6
6=-2+4+¢
c=28
Subt=2
s=-2e"*+2—-6+8=396m

term
M1 integrate
power term

M1

Al
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