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Muathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax® +bx+c=0,

—b+b* —4ac

2a

X =

Binomial expansion

(@+5)" =a” + [ﬂa”’lb + [;]a"‘zb2 ot (n]a""’b’ +..4b",

¥

! - _
where n is a positive integer and ny__nl _np-D.(n-r+ 1)
r) (n—r)ir! r!

2. TRIGONOMETRY

Identities
sin* A+cos? A=1
sec® A=1+1an’ 4
cosec’A =1+cot® 4
sin(4+ B)=sin Acos B cos Asin B
cos(4+B)=cos Acos B¥sin Asin B

tan A*+tan B
15 tan Atan B

sin2A4=2sinAcos A
cos2A=cos®> A—sin? 4=2cos? 4-1=1-2sin* 4

_ 2tand
1—tan® 4

tan(A+ B) =

tan2A4

Formulae for AABC

a _ b ¢
sind sinB smC

at=b"+c*—2bccos A

A:lbcsinA
2
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3x*+14x+6

Express —x_z(—x+3—)—

as the sum of 3 partial fractions. (5]
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4
2 (a) State, in terms of m,
(i) the principal value of tan' (- 4/3), [1
(i) the values between which the principal value of sin™' x must le. [13

(b) Given that 4 is a reflex angle and cos4 = — % , find the exact value of cos {4+ 30°)

without the use of a calculator. [3]
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3 (a) Find the set of values of the constant & for which the curve y = — ko — 2x + 2k — 3 does not

intersect the x-axis. [3]

(b) Using the answer in part (a), explain whether it is possible for - kx? — 2x + 2k — 3 to be
positive for all x. [2]
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6

A roller coaster is being designed such that the height, 4 m, of a rider above the ground in a section

of the roller coaster ride is given by A =10x — 2x2 — 4, where x is the horizontal distance of the

rider from the starting pointand 1 <x<4.

(a) Express h in the form a + b(x + ¢)* where a, b and ¢ are constants to be determined. 3]

(b) Hence, explain why the rider cannot reach a height of 10 m. [1]

(c) After testing the prototype, the roller coaster designer wants to make the ride more exciting
by moving the highest point of this section of the roller coaster ride up by 0.2 m and left by

0.1 m. Write down a possible new expression for 4. [1]
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3  Water is poured into an empty inverted conical container with radius 6 cm and slant height 10 cm.
After ¢ seconds, the radius of the top surface of the water is  cm.

(a) Show that the surface area, S, of water in contact with the container at any time is given by

_3_ 2
S = 3.
[The curved surface area of a cone of base radius r and slant height [ is 70+ ] [2]

(b) Water is poured into the container such that » increases at a constant rate. Given that it takes

30 seconds to completely fill up the empty container, write down the rate at which
Increases. (1]
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8

(¢) Hence calculate the rate at which § increases when the container is one-eighth filled. 4]
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_ 3
6 A curve has equation y = —3—%-2—:”—1)— , where x > 0.
(a) Find the x-coordinates of the stationary points of the curve. [5]
(b) Determine the nature of each of the stationary points. [3]

() Using your answer in part (b), infer and write down the set of values of x for which yisan
increasing function. [2]
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X 40 :
7  The diagram shows part of the curve y = 218 20, where x > —8. The curve intersects the

x-axis and y-axis at P and Q respectively. The tangent to the curve at R is parallel to line PQ.

A

(a) Show that the coordinates of point R are (-4, - 10). [5]

BP-~510
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(b) Given that the point § has coordinates (-2, -5), find the area of the quadrilateral PROS. |2}

{(¢) Determine, with reason, whether PRQS is a parallelogram. [3]
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12

30

The diagram shows part of the curve y = 1 d the line y = — %x-l— 3—38-.The curve

intersects the line at the points 4 and B.

yh

0

(a) Find the coordinates of the points 4 and B. (3]

BP-512
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(b) Find the area of the shaded region. [4]

(¢)  Show that the area bounded by the curve, the y-axis and the lines y=2 and y = 6 can be
expressed in the form 15In p + g, where p and g are constants to be determined. [3]
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9  The function fis given by f (x) =x* —x* +ax—1.

i(iC)l =Q(x)+ x—iT , where Q(x) is a quadratic function.

It is given that

(a) Explain how you can use Remainder Theorem to show that a = 4. 3]

(b) By using long division, divide f (x) by »* + 1.

xf:"(-ch—)l in the form px +4¢ + —7~ _  where p, g and r are constants to be

Hence, express
» P x2+l

determined. (21
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(¢) Find %hl(x" +1). (1]

(d) Hence, using your results from part (b) and (c), find f xfz(-T—)l dx. [2]
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10  The equation of a circle, Ci , with centre 4, 13 x4+ y*—6x+8y—75=0.

(a) Find the radius of the circle and the coordinates of its centre, 4. [4]

(b) A second circle , Cz, with centre B, has radius 12 units.
. . . . 1
The equation of the perpendicular bisector of 4B is ¥ = — R +5.

Find the equation of the second circle, Ca. [5}

BP-516
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(v) Pisapoint on the perpendicular bisector of AB , where P is not the midpoint of 4 and B.
Explain whether triangle PAB is an isosceles triang]e. 1
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11 (a) Sketch the graph of y =e™* on the given axes. Label any axial intercepts. (1]
A
0 >

(b) The curve y =f(x) is such that f'(x) = e*tl+e ™.
(i) Explain why the curve has no stationary points. [2]

(ii) The curve passes through the point (In 4, 8¢). Without the use of a calculator, find an
expression for f (x). Show all working cleatly. [6]

BP-518
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12 The diagram shows the graph of y = f'(x).

ol

f'(x)4

/10 0 5\”

(a) Wnite down the range of values of x for which the function f decreases as x increases. [1]

(b) The above function fis given by f(x) =12k%x — 2x* — 3kx? , where ks a positive

constant. By solving a suitable inequality, use the answer in part (a) to find the value of
the constant k. (4]

(¢) Explain how you can use the above graph of y =f{'(x) to determine the value of x for

which f(x) is a maximum value. [1]

END OF PAPER
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Mathematical Formulae
1. ALGEBRA

Quadratic Equation
For the equation ax’ +bx+¢=0,

= —b++/b* —4ac
2a

Binomial expansion

(a+b)" =a" +(TJ a" b +(;)a"‘2b2 + ...+(n]a”"b’ o 4+B",
¥

! - -
where n is a positive integer and [n] __n_nln D.{n=r+1)
r/ (n—rir! r!
2. TRIGONOMETRY

Identities
sin® A+cos’ 4=1
sec’ A=1+tan® 4
cosec’ A =1+cot® 4
sin( 4+ B) =sin 4 cos B+ cos Asin B
cos(A+B)=cos Acos B¥sin Asin B

tan A +tan B
1¥tan Atan B

sin2A4=2sin Acos A

tan(4+ B) =

cos2A=cos® A—sin? A=2cos* A—1=1-2sin* 4

tan2A4 = _2t_.an_;4_
1-tan” 4
Formulae for AABC
a b c

sind sinB sinC
a* =b*+c* —2bccos A

A= }-bcsinA
2
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3x°4+14x+ 6

—JCW as the sum of 3 partial fractions. [5]

Express

I +l4x+6 4, B C [ Ax+ B c]
261y x 2 T3x3 ML, accept =5—+ 17

3x* +14x +6=Ax(x+3)+ B(x+3)+Cx* [M1 for comparing numerator]

Subst. x=0: 6 = 3B [MI cc:}rrrzc‘:;n r;:il:ofoszﬁ subst. ]
B=2
Subst. x=—3: -9=9C
c=-—1
Subst. x=1: 23 = 4447
A=4

Wlart6 4

2 1
X+3xF  x ' x2 x+3

[A1 for 2 correct terms; A2 for all correct)

Therefore,




(a)

(b)

()

M)

4
State, in terms of =,
G) the principal value of tan"' (- /3), [1]
(i) the values between which the principal value of sin”'x must lie. [

4
Given that 4 is a reflex angle and cos4 = — 3 find the exact value of cos (4 + 30°)

without the use of a calculator. [3]
® -3 [B1]
@ -7 Ssin'x< 5 [B1]
A lies in the 3™ quadrant.
sind = — % [B1]

cos (A + 30°) = cosA cos30° — sind sin30°

= (— %) (?) - (— %) (%) [M1 for cos30° = i;l or sin30° = -;-]

3 2
T 3 [A1]

BP-546
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(a) Find the set of values of the constant & for which the curve y = — kx? — 2x + 2k — 3 does not

intersect the x-axis. [3]

b*—4ac <0

(-2)2—4(-k) 2k —3)<0 { M1 for b* —4ac <0 and }

at least 2 correct substitution of a, b, ¢
44+8k*—12k<0

2k*—3k+1<0
k—D(k—-D<0 [M1 for factorisation/finding x — intercepts]
S <k<i [A1]

(b) Using the answer in part (a), explain whether it is possible for — kx2 — 2x + 2k — 3 to be
posttive for all x. [2]

Since % <k <1, coefficient of x? =— k< 0. [M1]

The curve lies entirely below the axis, therefore it is not possible for - k2 - 2x + 2p—-3to
be positive for all x. [A1]




BP~548

A toller coaster is being designed such that the height, s/ m, of a rider above the ground in a

section of the roller coaster ride is given by 2=10x — 2x? — 4 where x 18 the horizontal

distance of the rider from the starting point and 1 <x <4.
(a) Express h in the form a + b(x + ¢)* where a, b and ¢ are constants to be determined. [3]

h=10x—2x2—4

=—2(x*—5x+2) [M1 factorise]
5 2 5 2
-39+
5 2
=8.5—2( _5) [B1, B1 for each term]
(b) Hence, explain why the rider cannot reach a height of 10 m. 1]

Since the maximum value of the rider is 8.5 m and 8.5 < 10, the rider cannot reach a height
of 10 m. [B1]

(c) After testing the prototype, the roller coaster designer wants to make the ride more exciting
by moving the highest point of this section of the roller coaster ride up by 0.2 m and left by

0.1 m. Write down a possible new expression for A. (1]

h=9.7—2(x—2.4)2 [B1]
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5 Water is poured into an empty inverted conical container with radius 6 cm and slant height 10 cm.
After £ seconds, the radius of the top surface of the water is » cm.

(a) Show that the surface area, S, of water in contact with the container at any time is given by

_ 3 _ 3
S—3w, (2]
By similar triangle Loz
l=§r (M1]
3
S=n(r) (%r)z %n’rz [A1]

(b) Water is poured into the container such that » increases at a constant rate. Given that it takes
30 seconds to completely fill up the empty container, write down the rate at which »

increases. [11
dr 6 1
(c) Hence calculate the rate at which § increases when the container is one-eighth filled. [4]
dS dS _ dr .
T X pn [M1 for chain rule]
_10 1 10
= 3nr><5 [Blfor Snr]

When the container is one-eighth filled,

X6=3 [B1 for r=3]

When r=3, % = -§—n(3)=21: {or 6.28 cm/s to 3 s.f.) [Al]
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1y 3
A curve has equation y = 30(—2:7-1)— , where x > 0.
(a) Find the x-coordinates of the stationary points of the curve. [5]

M1 for chain rule
dy _ €¥-300) (2x —1D2(2)—30(2x —1)* - 3> | ie. 3(2x—1)7(2) or 3™ seen

dx er

M1 for correct use of quotient
rule even w/o chain rule
_90e*(2x—1)*(2—2x+1)

e&x

— 2 —_
_ 90(2x 1)3 (3—2x) [M1 factorising]
e X

. . d
At stationary point, Ey =0
Cx—1D*=0 or 3-2x=0 [(M1]

1 3
x=- ot x =3 [A1]

(b) Determine the nature of each of the stationary points. [3]

ele
&le

[M1 for first derivative test]

. . 1. .
Therefore, the stationary point at X = 5 is a point of inflexion and the stationary

point at x = % is 2 maximum point. [Al, Al]
(¢) Using your answer in part (b), infer and write down the set of values of x for which y s an
increasing function. (2]

0<x<—3—,x¢% [B1,B1] OR 0<x<-;—,%<x<i [B1,B1]

[y

BP-550



7  The diagram shows part of the curve y =

x+8

20, where x > —8. The curve intersects the

x-axis and y-axis at P and Q respectively. The tangent to the curve at R is paraliel to line PQ.

¥y
[ ]

(a) Show that the coordinates of point R are (—4, — 10).

Whenx =0, y=-15.
Wheny=0,x=-6

_0—(-15) _ s
MRTTT6 0 T 2
&40
dx (x+8)*
40 5
Let - =-2
= T+ T2
(x+8)*=16
x+8=+4

[5]

[B1 for cither coordinates of P and Q]

[M1]

[B1]

x=—12 (reject) or -4

When x =—4, y = —10. Therefore R(— 4, - 10).

[A1 for —12 and not choosing it]
[A1]

BP-551
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(b) Given that the point § has coordinates (-2, —5), find the area of the quadrilateral PROS. [2]

11-6 -4 0 -2 -6
Area = = M
=2 0 -10 -15 -5 0 (M1]
——-—;-(60—1—60—30 —30)
= 30 units® [A1]
(¢) Determine, with reason, whether PROS is a parallelogram. 3]
I U (-10) B
mpg—-_G_(_.4)— 5
_ =15 —(-3 _
~10—(-15) _ 5
me= gy 4
= 0—(-5 _ 5 [Ml for 1 pair oi‘gradientil
T _6—(-2) 4 M2 for 2 pairs of gradient
Since mpz = Mgs and mgp = mgps, PROS is a parallelogram [A1]
OR
Midpoint of PQ = (“6;0,0’215)=(-3, _7.5  [M1]

MidpointofRS=(—42_2,_102_5):(—3,—7-5) [M1]

Since the diagonals bisect each other, PROS is a parallelogram. [A1]

BP~552
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: 4 38
8  The diagram shows part of the curve y = % and the line y = — 3% -+ R The curve

intersects the line at the points 4 and B.

Y4

0

(a) Find the coordinates of the points 4 and B. [3]

90 =(-4x+38) 2x —1) (M1 simplify to quad func])
90 = —8x* -+ 4x + 76x — 38

0=38x>—80x +128

0=x*—10x+16

0=(x—8)(x—2)

x=8 or x=2 [A1]

Therefore A(2, 10) and B(8, 2). [Al]




12
(b) Find the area of the shaded region. [4]
8
Area = f - %x + % — Ex}O— dx [M1 for correct order of subtraction ]
2z

B1 for 2 terms; ]

[ 2., 38 _ ]8 [
_[ x+ x 15in (22 1)2 B1 for 3rd term

=5s§ —15In15 —(22% —151113)

=36 +15n3 —15In15

=36 —15In5
=11.9 units® (to 3 s.f°) [A1]
OR

[Ml for correct integral }
and subtraction

B1 for 36;
= 36 —[15ln(2x — 1]} [ }

B1 for integrated term
=36 —(15In15 —15In3)
=11.9 units? (to 3 5.£0) [A1]

() Show that the area bounded by the curve, the y-axis and the lines y =2 and y = 6 can be

expressed in the form 15In p + g, where p and ¢ are constants to be determined. 3]
30
Y= x4
2x—1= 30
Y
_1(3:
x= ( 5 + l)
R

f — -l- dy  [M1 for making x the subject to form integral)

= [IS]ny + ﬂ [M1 for correct integration]
2

=15In3 +2 [A1]

BP-554
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9 The function fis given by f(x)=x3—x2+aoc—l.
()

It is given that =Q( )—l— — , where Q(x) is a quadratic function.

(a) Explain how you can use Remainder Theorem to show that 2 = 4. [3]

Since the remainder is 3 when f(x) is divided by x - 1, [B1]

welet f{I)=3 [M1 for f(1)]
1-14+g-1=3
a =4 (shown) [A1]

(b) By long division, divide f (x) by x* + 1.

( x)

x*+1 x2+1 +1 ’
determined. [2]

Hence, express

in the form px 4+ ¢+ ——=— , where p, g and  are constants to be

x -1
x24+1) 2 —x*+ax—1
x? + x

-x?+3x—1 M1

- x? -1

3x

f(x) 3x
PR b A R

(Al]

() Find %m(x2 +1). [1]

2x

d 2 _
o P D= e

[B1]

(d) Hence, using your results from part (b) and (c), find / £ (x) (2]

ey
f(x)
fx2+1dx /—H— o

_?—x-l- ln(x +D+e [

B1 for In term, B1 for rest of 3 terms:|
Allow ECF
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10 The equation of a circle, C1 , with centre 4, is x*+y*—6x+8y—75=0.

(a) Find the radius of the circle and the coordinates of its centre, 4. (4]
(x—3)2+(y+4)>=10" [M1 for (x - 3)* or (y + 4)* seen, M1 for 10?]
A (3,—4) and radius = 10 units [Al, Al]

(b) A second circle, C2, with centre B, has radius 12 units.
The equation of the perpendicular bisector of 45 isy=— —;-x +5.
Find the equation of the second circle. {5}
Mg =2 [B1]
Equation of AB is
y—4)=2(:—3)
y=2x—10 [M1]

2x—10=—%x+5

5
Ex-15
x=26 [M1]
y=2
Let centre of second circle be (a, b)
(246 o)

a=9, b=28
Therefore, equation of circle is (x —9)* + (¥ — 8) 2=144 [A1l]
{¢) Pis apoint on the perpendicular bisector of AB, where P is not the midpoint of 4 and B.
Justify whether triangle PAB is an isosceles triangle. 11

Since P is equidistant from 4 and B, ie. PA=FB, the triangle is isosceles. [B1]

BP~556
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(a) Sketch the graph of y =e™* on the given axes. Label any axial intercepts.

4

15

1\_

X [B1]

(b) The curve y=1(x) issuchthat f'(x)=e¥*t'+e *.
(i) Explain why the curve has no stationary points.

Since e * !> 0 and e ~*> 0 for all real values of x,
f'(x) # 0, therefore the curve has no stationary points.

[B1]
[B1]

BP~557

[1]

[2]

(i) The curve passes through the point (In 4, 8e). Without the use of a calculator, find an
expression for f(x). Show all working clearly.

er-I-l
f(x)= ~e*4e
2
e:le'l“-}-l
8e=— —e ™4
2
In16+1 ,
8= —e"® e
2
_16e 1
Be= ) 2 +c
ol
=3
2x 41

e

Therefore, f(x) = 3

I |
—e +4

[6]

[B1 for 2 terms, B1 for 3rd term]

[ M1 for power law

i.e. either n16 or In(4) " seen

|

[MI for xe, M1 for - 1 seen]

4

[A1]
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12 The diagram shows the graph of y =f'(x).

f'(x)n

/10 0 S\A”C

(a) Write down the range of values of x for which the function f decreases as x increases. [1]
x<-10 or x>35 [B1]

(b) The above function f is given by f (x) =12k?x — 2x*> —3kx* , where k is a positive

constant. By solving a suitable inequality2, use the answer in part (a) to find the value of
the constant . (4]

£'(x) =12k — 6x* — 6kx (B1]

For f to be decreasing,

12k% — 6x* —6kx <0
x2+kx—2k*>0

(x+2k) (x—%k)>0 (M1 for correct factorisation or for £'(x) <0]
x<—2k orx>k [A1]
Therefore k=5 (A1]

(¢) Explain how you can use the above graph of y =£'(x) to determine the value of x for
which f{x) is a maximum value. [1]
From the graph, f'(x) changes from positive to negative at x =5, therefore f(x) is a

maximum value when x = 3. (B1]

END OF PAPER
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Mathematical Formulae

1. ALGEBRA

Quadratic Equation
For the equation ax +bx+c= 0,

x=—l;v:l:\/b2 —4ac

2a

Binomial expansion

(a+b)Y =a" +[TJa"4b+[;]a”_zbz +...+(n)a"_’br +.+5",
r

. P ! - -
where # is a positive integer and gl [ — nn=D)..(n=r+1)
Fl (n-v)r! r!

2. TRIGONOMETRY
Identities
sin A+cos®> A=1
sec’ 4=1+tan’ 4
cosec’4=1+cot® 4
sin(A4+ B) =sin Acos B + cos Asin B
cos(4+ B)=cos Acos B¥sin Asin B

tan A+tan B
1¥tan Atan B

sin2A4 =2sin Acos 4

tan(A+ B)=

cosZA=coszA—sin2A=2coszA—I=1—ZsinzA

1-tan® 4
Formulae for AABC
a b c

sind sinB sinC
a =b% +c? —2bccos A

A= lbcsinA
2
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. . 2

1 (a) Write down, and simplify, the first three terms in the expansion of (3 - —)

x

in descending powers of x. [2]

2

5
(b) Given that there is no term independent of x in the expansion of (5 +ax’ )(3 - —) ,
X

hence find the value of the constant a. [3]
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In the figure, 4BCD is a rectangle inscribed within a semicircle of radius 4 ¢cm and centre 0.
It 1s given that 4B =x cm and BC=y cm.

4 xem B
yem
—e
D 0 C

(a) Show that the area of the rectangle, 4 cm, is given by 4= %x\/ 64 —x*. 2]
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(b) Find the exact value of x for which 4 has a stationary value.
Give your answer in the form k2, where k is an integer. 4]
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The diagram shows a triangle ABC inscribed in the circle with centre O.
BD is a tangent to the circle at B and AB is parallel to CD. Point M is the midpoint of BC.

B D

(a) Prove that triangles ABC and BCD are similar. [3]

(b) Prove that 4BMO is a trapezium. [2]

BP-~527
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BC?
20D Bl

(¢) Provethat OM =
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Milk is poured into an empty cup and heated. The temperature, T, »"C, of the milk in the cup,

t minutes after it is heated, is modelled by the formula, T, =3 (Z)t +20.

(a) State the initial temperature of the milk. [1]

Coffee is poured into another empty cup. The temperature, 7,°C, of the coffee in the cup,
¢ minutes after it is poured, is modelled by the formula, T, = 60(2)™ +25.

(b} Find the time taken for the temperature of the coffee to drop to 35°C. [3]
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(c) Find the time taken for the milk and the coffee to reach the same temperature. 4]
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5  Itisgiventhat f(x)=2x> - x’y —13x7% - 6)°.

(a) Show that x -3y is a factor of f(x). [2]

(b) Ify=1, find an expression in fully factorised form for f(x). [3]
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(6) Hence solve the equation 2¢%* —e** — 13¢%* — 6 =0 and show that the solution
may be written in the form In JE , where p is an integer. [3]



BP~533

13

6 (a) Giventhat tané = 2cosec®d, show that cos’ 8 +2cos@—1=0. [3]

(b) Using part (a), find the exact vatue of cos# in simplest form, given that 0° < & < 90°. [3]
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() Hence find the value of sec? @ in the form & + b2, where @ and b are integers. (5]
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7 (a) Prove that (sin2x)(cotx)-1=cos2x. 2]

2
(b) Given that y =(sin2x)(cotx)~1, hence show that % + 3(%}) +2y+9sin2x =0

may be written in the form tan 2x = &, where £ is a constant to be found. [4]
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(¢) Solve tan2x=—+3 for 0<x <27, giving your answers in terms of 7. (4]
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B C
30 cm
X 22(lcm ¥
é 30 cm
4 ~ D

The diagram shows a rectangular flag 4BCD. X4R is a triangle with 4X = BX =30 cm and
angle X4B =@ for 0 < <90°. XY is parallel to 4D and XY = 220 cm.

(a) Express the area of triangle X4B in the form gsin26, where g is an integer. [2]

(b) Given that 6 can vary, find the maximum possible area of triangle X4B and
the value of & at which this occurs. [2]
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(c) Show that the perimeter, P cm, of the rectangular flag ABCD can be expressed in the
form asin® +bcos @+ ¢, where a, b and ¢ are constants to be found. (3]

(d) By expressing P in the form Rsin(6+ a)+c, where R>0and 0 <a <90° explain
if it is possible to have a flag with perimeter 550 cm. Show your working clearly.  [3]
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A particle moves in a straight line so that, ¢ seconds after passing a fixed point O, its velocity,
v metres per second, is given by v =z cos(#t)+ 7.

(a) Sketch the velocity-time graph of the particle for 0 < < 4, [3]

(b) Determine how many times the particle is at instantaneous rest in the first 10 seconds. [1]

(¢) Explain why the particle will never return to the origin O. [2]

BP-539
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(d) Find an expression, in terms of ¢, for the displacement of the particle. [2]

(¢) Calculate the average speed of the particle in the first 4 seconds. {31



10 Itis known that x and y are related by the equation y = fo + B_ 2, where 4 and B are
X

21

positive constants. The following table shows the values of the variables, x and y.

1.92

1.26

0.881

0.646

0.490

BP-541

(a) Plot x( y+ 2)2 against x* and draw a straight line graph to illustrate the information. [3]

.:vc(y+2)2

3

38 1

37

36

35

34 ¢

33

32

31

30

29

28

—ip X

10

15

20

25

30

35

40
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(b) Express the equation y = fo + B_ 2 in a form that will yield the straight line graph
x

in part (a). (2]
() Use your graph to estimate the value of 4 and of B. 2]
(d) Explain why the graph y =, fo + B _ ) is undefined for x<0. [2]
x

(¢) By drawing a suitable line on your graph, estimate the value of x for which y+2= —j:
x

Give your answer to 3 significant figures. [2]

END OF PAPER

BP~542



BP~559

Name: Index No.: Class:

PRESBYTERIAN HIGH SCHOOL

I3
Si¥ ey

ADDITIONAL MATHEMATICS 4049/02
Paper 2
20 August 2024 Tuesday 2 hours 15 min

PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL
FPRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOQL PRESBYIERIAN HIGH SCHOOL FRESBYTERIAN HIGH SCHOOL
PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL
PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL
PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL PRESBYTERIAN HIGH SCHOOL

2024 SECONDARY FOUR EXPRESS / FIVE NORMAL (ACADEMIC)
PRELIMINARY EXAMINATIONS

MARK SCHEME




2

5
(a) Write down, and simplify, the first three terms in the expansion of (3 - E)

BP-560

X
in descending powers of x. [2]
5 2
2 5 4 2) 5 3( 2)
3-Z] =3 +503) | —— |+ V| -—1+
[ x) ( ) ( x (2 ( ) x
5
(3—3J —243—8—1-9 10—32 B2: Three correct terms
x b x
(B1: Two correct terms)

5
(b) Given that there is no term independent of x in the expansion of (5 + ax? )[3 - -2—) \
x

hence find the value of the constant a. (3]

(5+ax2)[3_35=(5+ax)(243—8—;9 1—?;9 )

1080)

Term independeﬁt of x = (5)(243)+ (axz )(—xz-— M1: Derive terms indep. of x

=1215+1080a=0 | M1: Equate terms to zero

a= _EE =-1.125 Al: Accept —1% or —%
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In the figure, ABCD is a rectangle inscribed within a semicircle of radius 4 cm and centre O.

It is given that 4B =x cm and BC =y cm.

A xcm B

yem

-
o

(a) Show that the area of the rectangle, 4 cm, is given by A = —;~x~Jﬁ4 -x*.

[2]

BP~561

y=l6- %xz MI1: Correct application of Pythagoras Theorem
A=x,[16- 1 x?

4
A= x‘/g V64— x? MI: Factorise and simplify surd

x\64 - x? (a.g)

A=

b | =

(b) Find the exact value of x for which 4 has a stationary value.
Give your answer in the form %+/2, where & is an integer.

[4]

%ﬁ- - é—x . {%(64—;& )‘% (—Zx)} 64 —x7 « GJ M1, M1: Product rule

% =—%x2(64—x2)h% +%(64—x2)%

R T |

For stationary value, %xﬁ - % ~0 M1 Equate d4/dx to zero
32-x*=0 )

x=+32=42 Al
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The diagram shows a triangle 4BC is inscribed in the circle with centre O.
BD is a tangent to the circle at B and AB is parallel to CD. Point M is the midpoint of BC.

A
B D
{(a) Prove that triangles 4BC and BCD are similar. 3]
Z/ABC = Z/BCD (alt. Zs, AB//CD) M1

ZBAC = ZCBD (alternate segment theorem)

Triangles ABC and BCD are similar. (A4 similarity) Al

BP-~562

(b) Prove that ABMO is a trapezium. 2]
Since O and M are the midpoints of AC and BC respectively,
OM //AB (midpoint theorem) Ml
ABMO is a trapezium. (one pair of parallel sides) Al
2
(¢) Provethat OM =E—. 3]
2CD
4B _ BC (corr. sides of similar As) Ml
BC CD
Since 4B = 20M (midpoint theorem) M1
20M BC
> —
BC CD
2
nom =35 Al
20D

+Penalise 1m per question for any missing or incorrect reasons.
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Milk is poured into an empty cup and heated. The temperature, 7, °C, of the milk in the cup,
t minutes after it is heated, is modelled by the formula, 7,, =5 (2)I + 20.

(a) State the initial temperature of the milk. [1

Initial temperature of milk = 5(2)° + 20 = 25°C Bl

Coffee is poured into another empty cup. The temperature, T.°C, of the coffee in the cup,
¢ minutes after it is poured, is modelled by the formula, 7, = 60(2)_r +25.

(b) Find the time taken for the temperature of the coffee to drop to 35°C. [3]

60(2)™ +25=35

2)" = 356*025 - é MI: Isolate (2)”

1g(2)" = Ig[-é—) M1: Take Ig on both sides

~tlg(2)=1g (é]

t= —lg(%} +1g(2) =2.5849
¢ = 2.58 min (35f) Al

(¢) Find the time taken for the milk and the coffee to reach the same temperature. [4]

5(2) +20=60(2)" +25 M1: Equate 7, to 7,

5 (2)2t +20(2) =60+25 (2) M1: Multiply 2 throughout / obtain quad. eqn.
5(2) -5(2) -60=0
(2" -(2) -12=0

Letu = (2), 5u+20= % 45
"

5u* —5u-60=0
Letu=(2)r,u2 -u—12=0 W —u-12=0
(u—4)(u+3)=0 M1: Solve quadratic equation
u=4 or u=-3(rejected)
(2) =4

t=2min Al

BP~563
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6
It is given that f(x) = 2x° —Jc?'y—l?yxy2 —6y°.

(a) Show that x—3y is a factor of f(x). 12]

£(3y) =203y - (3y)* y ~133y)y* -6
f(3y) =54y —9y° =39y —6y° =0 M1: Sub. into f(x) & simplify
Since £(3y) =0, by Factor Theorem, x -3y is a factor of f(x). AGI

() Ify=1, find an expression in fully factorised form for £(x). [3]

Eet f(x)=2x> —x*—13x—6

=(x- 3)[23&:2 +bx + 2:1
M1: Comparing coefficient

Comparing x* term: (or long division}
“1=b+(-3)(2)
b=5

= f(x)= (x—3)|:2x2 +5x+ 2} Al

= f(x) = (x—3)(2x+1)(x+2) Al

(¢} Hence solve the equation 2687 _e% —13¢?* -6 =0 and show that the solution
may be written in the form In \/; , where p is an integer. [3]

Let x = %2,

we get 2¢% - e* —13¢** -6=0

= (e22 - 3)(2&:22 + 1)(e2’ + 2) =0 M1: Sub. x =¢**into (b)

e =3 or 2% = —l(mjected ) or e¥ = —2(rejectea') Al: Seen e?® =3

Ine?* =1n3
2z=In3

z=lm3
2

.'.z:]n\ﬁ Al

BP-564
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(a) Given that tan & = 2cosecé , show that cos? &+ 2cos@—1=0.

BP~565

(3]

tan @ = 2cosecd
s = —~2— MI1: Seen either one
cosd sinf

sin® 8 = 2cos @
1-cos? 8 =2cos @ MI1: Apply Pythagorean identity
cos’@+2¢cosf—-1=0 AGI

(b)  Using part (a), find the exact value of cos# in simplest form, given that 0° < 8 <90°.[3]

cos? @+2cosf—1=0

—2£,(27 —4(1)(~1)

cosé = 3 (1) ML: Apply quadratic formula
—2+./8
cosé =
2
cos@=-1£2 MI: Attempt to simplify

Since 0° < & < 90° cos & must be positive.
scosf=-1+42 Al

(¢) Hence find the value of sec? # in the form 4 +b+/2, where a and b are integers.

[5]

sec? 9= 12 M1: Seen
cos“ & cos” @

sec’ @ = __1__2
(—1 + \/5 )

sec? @ = 5 ! M1: Expand the denominator
(V2) —2(v2)()+ 12

sec? @ = ! % 3+2v2 M1: Rationalise the denominator
3-242 3+242

sec’ 6 = —112\/—% M1: Simplify the denominator
P -(2v2)

sec’@=3+242 Al
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7 (a) Prove that (sin2x){cotx)—1=cos2x. 2
LHS ={sin 2x)(cotx) -1
=(25inxcosx](césx]—l M1: Seen 2sinxcosx
sin x
=2cos? x—1 Mi
=cos2x = RHS (a.g)

2
() Given that y =({sin2x)(cotx) -1, hence show that %x—f-+3(%xz]+ 2y+9sin2x =0

may be written in the form tan2x =&, where k is a constant to be found. 4]

y = (sin2x)(cot x)—1=cos2x

f‘l =-2sm2x Bl
V)
%’;—=—4c032x B1

2
i—i—}+3[%x¥-]+2y+9si112x=0

dx
—4cos2x+3(—2sin2x)+2cos2x+9sin2x =0 M1: Correct substitution
3sin2x =2cos2x
2
tan2x = —
3
k=2 Al
3
{c) Solve tan2x= —3 for 0 < x <2, giving your answers in terms of 7. [4]
a =tan™ (\/5 ) = % M1: Find reference angle
2x =x—§, 2x—§, 3n—§, 47:—-’;- M1: Find angles in 2™ and 4® quadrants
27 Sx 8x llix
2x = Ty T s T, 2 4
3373 3
x= % :5_;_: . 4?% 1_16£ A2: One mark for each correct pair of angles

*Penalise 1m for answers not in terms of zr.
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B C
30cm
X 22(—)- cm v
g 30cm
4 - D

The diagram shows a rectangular flag ABCD. XAB is a triangle with AX = BX = 30 cm and
angle X4B =8 for 0 <8 <90°. XY is parallel to AD and XY = 220 cm.

(a) Express the area of triangle X4B in the form gsin 26, where g is an integer. [2]

BP-~567

Area of triangle X4B = % (30)(30)sin(180° - 26) M1: Apply formula Ybcsind
Area of triangle X4B = 450sin 26 Al

(b) Given that & can vary, find the maximum possible area of triangle X4B and
the value of # at which this occurs. 2]

This occurs when sin26 =1,
Maximum area of triangle XAB = 450 cm? B1:F.T.

Value of 8 = 45° Bl

(c) Show that the perimeter, P cm, of the rectangular flag ABCD can be expressed in the
form asin@+bcos@+c, where a, b and ¢ are constants to be found. [3]

AD =30sin8+ 220 )
M1: Either AD or AR

AB =2x30cosé
Perimeter = = 2[30sin 6 +220]+2[2x30cos 6] M1: Attempt to find perimeter
P =60sin8+120cosd + 440 Al

(d) By expressing P in the form Rsin(¢+a)+c, where R >0 and 0 < & < 90°, explain
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if it is possible to have a flag with perimeter 550 cm. Show your working clearly.

[3]

R =607 +120% = V18000 =605
a=tan"" (1—2—0) = 63.434°
60

P = 605 sin (@ + 63.434°) + 440

M1: Seen R = Va* +b*

M1: Seen o —tan”} 2
a

Method 1

Let 60+/5 sin {8 + 63.434°) + 440 = 550
: 550 —440
sin(#+63.434°)=—F+—
( ) 605

Reference angle = sin”~ [—H—J =55.0739
65

0+ 63 .434° = 55.0739° or 180° —55.0739°
0 = —8.3601° (rejected) or 61.4921°

M1: Find reference angle

M1: Find 6 in 1* & 2™ quad

Yes, it is possible to have a flag with perimeter 550 cm when @~ 61.5°(1dp) Al
Method 2
Maximum P =605 + 440 =574 cm Mt
M1

When & =90°, Minimum P = 60+/5 sin (90° +63.434°) + 440 = 500 cm
Since 500 < P < 574, it is possible to have a flag with perimeter 550 cm. Al

A particle moves in a straight line so that, ¢ seconds after passing a fixed point O, its velocity,

v metres per second, is given by v = zcos(zt) +7.

BP-568
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(a) Sketch the velocity-time graph of the particle for 0<¢ < 4.

(3]
¥
4
2z
j : | ! > !
0 1 2 3 4
B1: Correct shape B1: Correct max & min values B1: Correct period

(b) Determine how many times the particle is at instantaneous rest in the first 10 seconds. [1]

From the graph, the particle is at instantaneous rest when v = 0 at every odd second.

Therefore, there are 5 times in the first 10 seconds. B1

(¢) Explain why the particle will never return to the origin O.

[2]

Since v 2 0, the velocity of the particle is never negative, B1

hence the particle does not change its direction of motion.  B1

Therefore, the particle will never return to the origin O. (a.g)

(d) Find an expression, in terms of ¢, for the displacement of the particle. [2]
§= I;rcos(m‘)+7r dt
sin(zt) _ ‘
§=————"q7t+c M1: Apply integration
7

When t=0,5s=0, thus c=0.
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(¢) Calculate the average speed of the particle in the first 4 seconds. 3]
When t=0,s5=0.
When ¢ =4, s =sin(47)+47 =4z M1: Find displacement at 7 = 4
4dx .
Average speed = vy M1: Find average speed
Average speed = 7 m/s Al




BP~571

13

. X f B
10 Itis known that x and y are related by the equation y =,/ Ax+— -2 , where 4 and B are
x

positive constants. The following table shows the values of the variables, x and y.

y 1.92 1.26 | 0.881 | 0.646 | 0.490

¥ 4 9 16 25 36

Xy +2) 307 | 319 | 332 | 350 | 372

(@) Plot x(y+ 2)2 against x> and draw a straight line graph to illustrate the information.  [3]

B2: All correct points plotted (B1: at least 3 correct) B1: Best fit line
x(y+2 )2

36 L M S et ¥ =36
s | - . : :

34

33 |-

32

31

30

29

28 £
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(b) Express the equation y =, ‘Ax + 5. 2 in a form that will yield the straight line graph
x .

in part (a). (2]

y="Ax+§——2

x
y+2="Ax+-Bi
X

BP-~572

(y+ 2)2 = Ax + B M1: Taking square on both sides
X
x(y+2) =Ax* +B Al
(¢) Use your graph to estimate the value of 4 and of B. [2]
A = gradient = 372-332 0.2 B1: Accept +/- 0.01
36-16
B =Y —intercept = 30 B1: Accept +/- 0.5
(d) Explain why the graph y =, ’Ax + B_ 2 is undefined for x < 0. 2]
X
Whenx =0, B1
B1

When x < 0, since 4 >0and B> 0, A.x+£<0,
x

Hence, y =, fo + B_ 2 is undefined for x <0. (a.g)
x

(¢) By drawing a suitable line on your graph, estimate the value of x for which y +2 = %
X
Give your answer to 3 significant figures. [2]
6
y+2=—
Jx
(y+2)2 _36 B1: Draw Y =136 on the same axes
x
x(y+2)" =36

From the graph, when x(y+2)° =36, x* =30
s x=+/30 =54772 = 5.48 (35/) B1: Accept +/- 0.1






